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ABSTRACT. In this paper, we present three families of modular Nahm sums for
symmetrizable matrices with arbitrary rank r > 2 of indices (2,...,2,1) and
(1,...,1,2). Specifically, the cases corresponding to r = 2 and r = 3 of these fam-
ilies have been previously demonstrated by Mizuno, Warnaar, and B. Wang-L.
Wang. Building upon these three families, we construct two vector-valued auto-

morphic forms, one of which is a vector-valued modular function when r is odd.

1. INTRODUCTION

A Nahm sum or Nahm series was defined by Nahm [16-18] as the following class
of ¢g-hypergeometric series:

InT An+nTb+c

fapelq) = > - (1.1)

s myrene (@G Dy (G D,

where r > 1 is a positive integer, A € Q"*" is a real positive definite symmetric
matrix, b € Q" is a vector and ¢ € Q is a scalar. Here and throughout the paper,

we adopt the standard notation on g¢-series |1,[8]:

[e.9]

(a;9)0 = [T (1 — ag"),

n=0
(a; @)oo
& q)n = 7~
(@ 4) (aq™; @)oo
(ala a2, ..., 0k Q)n = (al; q)n(a2; q)n to (ak; Q)n7
and

(a17a27 e ,ak;Q)oo = (@1; Q)oo(az;Q)oo s (ak; Q)oo-

Nahm [18] proposed the following famous problem: find all (A, b, ¢) with rational
entries such that fap.(¢) is a modular function, where ¢ = €*™” and 7 € H :=
{r € C:Im 7 > 0}. Such a triple (4,b,c) is called a modular triple. Recall that
a modular function is certain meromorphic function defined on H satisfying modu-
lar transformation and certain holomorphic/meromorphic conditions (see Definition
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. Nahm also [18] made a conjecture which provides a necessary and sufficient
condition about the matrix A so that it is the matrix part of some modular triples.
The conjecture is formulated in terms of the Bloch group and a system of polynomial
equations induced by A, see Zagier |33| p. 43] for more details.

In 2007, Zagier [33] made an important progress towards Nahm’s problem. He
confirmed Nahm’s conjecture for » = 1 by showing that there are exactly seven
modular triples. For » > 2, Nahm’s conjecture is known to be false in general.
Vlasenko and Zwegers [24] provided a counterexample when r = 2, that is, for
A= (344;4_31// f), there exists a b and ¢ such that fap.(q) is modular, but not
all solutions of Nahm’s equation give a torsion element in the Bloch group. For
r = 2 and 3, Zagier [33] found many possible modular triples, which were later
affirmed by Cao—Rosengren—Wang [3|, Cherednik—Feigin [6], Vlasenko—Zwegers [24],
Wang [29,30] and Zagier [33].

According to physical predictions, Zagier [33] expects that if a Nahm sum associ-
ated with a matrix A is modular, then the collection of all modular Nahm sums for
A spans a vector space that is invariant under the action of SLs(Z) in the bosonic
case, or at least under I'(2) in the fermionic case. Note that in the language of the
physicists, for a sum-product identity, the sum side is called a “fermionic” represen-
tation, the product side is called a “bosonic” representation, see [22]. Furthermore,
Zagier provided explicit transformation formulas for the vector-valued function aris-
ing from the Rogers—Ramanujan identities under the action of SLy(Z). Building
on this, Milas and Wang [14] established analogous transformation laws for vector-
valued functions composed of generalized tadpole Nahm sums.

Recently, Mizuno |15] considered generalized Nahm sums associated with sym-
metrizable matrices, which take the form:

LnT ADn+nTb+c

fA,b,c,d(‘J) = Z = ) (1-2)

n=(n1,...,ny)TEN" (qdl; qd1>n1 T <qdr; qdr)n?“

where d = (dy,...,d,) € ZL,, b € Q" is a vector and ¢ € Q is a scalar. Denote by
D := diag(dy, ..., d, ).« the r x r diagonal matrix with diagonal entries dy, ..., d,.
A matrix A € Q™" is said to be a symmetrizable matrix with the symmetrizer
D = diag(dy, . .., d,).x, if AD is symmetric positive definite.

Following the notation in [15] and [28], we call f4pca(g) in (L.2) a Nahm sum
for the symmetrizable matrix A of index (dy, ..., d,). When f4.cq(q) is a modular
function, the quadruple (A,b,c,d) is called a modular quadruple or such a triple
(A, b, c) is called a modular triple of index (dy,...,d,).

Generalized Nahm sums of this kind are common in partition identities and the
study of affine Lie algebras. For example, one of Capparelli’s partition identities [4]



MODULAR NAHM SUMS FOR SYMMETRIZABLE MATRICES 3

asserts that

2n?+6n1no+6n3 )

n1%2:>0 (Z: @i (4% 6y == ~ 0 =4 Q6)OO7 (13)
which was first discovered by Capparelli in purely combinatorial form via the theory
of affine Lie algebras. The double-sum representation on the left-hand side of
was discovered by Kanade—Russell [11] and Kursungéz [13] independently. Notice
that reveals that the generalized Nahm sum fA,bycyd(q) associated with A =

4 2
6 4)

Mizuno [15] found that the theory of Nahm sums for symmetric matrices can

b= (0,007, c=—1/24 and d = (1, 3) is modular.

be analogously applied to Nahm sums for symmetrizable matrices. For example,
following the strategy of Zagier [33], Mizuno [15] proposed potential modular triples
of indices (1,2), (1,3) and (1,4), and modular triples of indices (1, 1,2) and (2,2, 1),
which have been confirmed by B. Wang and L. Wang [26-28] recently.

Mizuno [15, Eqgs. (45), (54)] conjectured two vector-valued transformation for-
mulas involving generalized Nahm sums for symmetrizable matrices. In particular,
Mizuno observed that there seem to be “Langlands dual” pairs of modular Nahm
sums on the rank 3 case. He conjectured two Nahm sums associated with

1 0 1/2 1 01
A=10 2 1 and AY=|[0 2 2
1 2 2 /2 1 2

which are related by taking the transpose, are related by the modular S-transformation.
Mizuno’s conjecture was subsequently proved by B. Wang-L. Wang [27]28].

While Nahm’s problem has been studied in numerous examples for rank » < 3, a
solution for the general case remains elusive. In this paper, we present three families
of modular Nahm sums for symmetrizable matrices with arbitrary rank r» > 2 of
indices (2,...,2,1) and (1,...,1,2). Based on these three families of generalized
Nahm sums, we construct two vector-valued automorphic forms, one of which is a
vector-valued modular function if r is odd ( see Section [p|for the relevant definitions).

Theorem 1.1. Forr > 2 and 0 < j < r, the Nahm sums va,bﬁcj’d(q:m_S) for
the symmetrizable matriz A of index d = (2,...,2,1) are modular functions for
['1(128(4r — 1)?), where
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1 000 0 0 1
0 2 2 2 2 9 9
0 2 4 4 4 4 4
0 2 46 6 6 6
A: . . ,
0246 2(r—3) 2(r—3) 2(r—3)
0246 2r —3) 2(r—2) 2(r—2)
% 23 - r—3 r—2 r—1
TXT
S5 —4r
o= (0, ,0) 1y Co 397 8
and for 1 <j <,
: , (4r — 45 — 1)*
b= (1,0,..,0,2,4,....2r = 1= j),r = )i &= g5

Theorem 1.2. Forr > 2 and 0 < j < r, the Nahm sums vabj7C‘7_7d(q32r—24) for
the symmetrizable matriz B of index d = (2,...,2,1) are modular functions for
[ (64(4r — 3)?), where

1 0 00 0 0 1

0 2 2 2 2 2 2

0 2 4 4 4 4 4

0 246 6 6 6
B= ,

0 246 2(r—3) 2(r—3) 2(r—3)

0 6 2(r—=3) 2(r—2) 2(r—2)

%1 2 3 r—3 r—2 r—% e

T 7T —A4r
bp=1(0,...,0,—= =—
0 ( s 2)“/ “= 3o — o
and for 1 <75 <,
. . T (4T—4j—3)2

b, =(1,0,...,0,2,4,....2(r—1—j),r—7—1)1.,., ¢ = 9 — 94

Theorem 1.3. Forr > 2 and 0 < j < r, the Nahm sums fAv7bj’cj’d\/(q32T_8) for
the symmetrizable matriz AV of index d” = (1,...,1,2) are modular functions for
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['1(128(4r — 1)?), where

100 0 0 0 3
02 2 2 2 2 1
02 4 4 4 4 2
|02 6 3
02 4 6 2(r=3) 2(r—3) r—3
0246 -+ 20r—3) 2(r—2) r—2
1246 - 20r—=3) 2(r—2) r—1)
8r2 —14r +5
b0:(1,1,2;3;-~-77n_1){><7" CO:W’

and for 1 < j <,

8(r—j)?+4j—6r+1
32r — 8 '

b;=(0,...,0,1,2,....r —j)I.,, ¢ =

We now provide several remarks on Theorems [1.1H1.3]

Remark 1.4. (1) The symmetrizable matriz A in Theorem is the transpose of
the symmetrizable matriz AV in Theorem[1.3

(2) The casesr =2 and r = 3 in Theorem[1.1] and Theorem[1.4 were conjectured
by Mizuno (see [15, Table 1, Table 2, Table 3]). The case r = 2 in Theorem [1.]
was confirmed by B. Wang-L. Wang [28]. For r = 2 in Theorem the case by
was established by Warnaar [32, (5.14)], as observed by Mizuno, while the remaining
cases were proved by Mizuno [15]. The cases r = 3 in both Theorem[1.1] and Theorem
were confirmed by B. Wang-L. Wang [27).

(3) The matrices A and B in Theorem and Theorem are symmetrizable
matrices with the symmetrizer D = diag(2, ..., 2, 1).x, since the positive definiteness

of the symmetric matrices AD and BD given in (L.4) and (1.5) are easily verified.

200 O 0 0 1
0 4 4 4 4 2
0 4 8 8 8 8 4
0 48 12 ... 12 12 6
AD=1| . . . . . : (1.4)
048 12 --- 4(r—3) 4(r—3) 2(r—3)
04 8 12 -+ 4(r—3) 4(r—2) 2(r—2)

1246 -+ 2r=3) 2r—2) r—1

rXT
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2 00 0 0 0 1
0 4 4 4 4 4 2
0 48 8 8 8 4
0 48 12 --- 12 12 6
BD=|. . . . | . . . : (1.5)
0 4 8 12 --- 4(r—3) 4(r—3) 2(r—3)
0 4 8 12 -+ 4(r—3) 4(r—2) 2(r—2)
124 6 - 20r=3) 20r—=2) r—35 )

(4) Similarly, the matriz AV in Theorem[1.5 is a symmetrizable matriz with the
symmetrizer DY = diag(1,...,1,2).x, since AYD" as shown in (1.6) is a symmetric
positive definite matriz.

10 00 0 0 1
0 2 2 2 2 2 2
0 2 4 4 4 4 4
0246 - 6 6 6
avpr 0200 . | e
0246 -+ 2(r—3) 2(r—3) 2(r—23)
0 4 6 -+ 2(r—3) 2(r—2) 2(r—2)
1246 - 20r—3) 20r—2) 2(r—1)

rXTr

To prove Theorems [1.1] and we establish the Rogers-Ramanujan type
identities stated in Theorem [1.5 Each multi-sum appearing in Theorem corre-
sponds to the generalized Nahm sums f Abcd(q), specified in Theorems and
1.3, whereas each product term can be expressed as a generalized eta-quotient or
a sum of generalized eta-quotients, whose modularity can be determined using the
criterion established by Robins [19, Theorem 3]. It should be noted that the iden-
tities and in Theorem are equivalent to those due to B. Wang-L.
Wang |26, Corollary 4.2 and Corollary 4.3] and we include them in Theorem for

completeness.
Theorem 1.5. Forr > 2,
LnT ADn+nTby

n 3 =

e myrene (50%)n (0% ¢ )ns -+ (€% 6%)n, 1 (€ @),

8r—4 8r 16r—4. ,16r—4 o — 4r—2 _ A4r—1. _ A4r—1
(q yqd 4 14 )oo 1( q,q y —q y—q )oo (17)

= +q 2
(0,43, 0% %) (. 4%, 0% ¢Y)

where AD is given by (T.4) and by = (0,0,---,0,0)T .
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(2) For 1 <j <,

q%nTADn-i—nTbj
(1.8)
n:(m%‘;)%w (@%6®)ny - (@ @)1 (G Dnr
_ (q2j7 _q41“72j717 _q4r71; _q4r71)oo N q3r_§]._1 (q4j’ q167”74j74’ q16r74; q16r74>oo

(¢% ¢* " ") oo (¢, % % ")
where AD is given by (L4) and b; = (1,0,---,0,2,4,--- ,.2(r — 1 — j),7 — 5),,-
1nTBDn+nTby

3 2 =

(e (5 ) (@55 )ns -+ (€% 6 )n, (@ @),

T 16r—12. 167"—12) Ar—4 ar—3. _ Ar—3

8r—8 8r—4 _ _
_ (@ g Xt S Gl A T Bl | oo (19)
(4,0, 0% ")

1
where BD is given by (L.5) and by = (0,0,---,0,—=)1, .

(4) For 1 <j <,

q%nTBDn—l—nTbj
1.10)
n:(m;m)ew (0% 6*)n (€% 6*)ny -+ (€% ) n, 1 (@ D, (
_ (q2j’ _q4r—3—2j’ _q4r—3; _q47"—3)oo + qﬁrfijff’ (q4j7 (]167‘—4]‘—127 q16r—12; q16r—12>oo
(%, 4% ¢ ¢*) o (0,43 4% ¢*)o ’

where BD s given by (L5) and b; = (1,0,--+,0,2,4,--+ ,2(r —j —1),r —j — )T,

10T AV DVn+nThy

Ol iy -

ey Tenr (G O (G Dy = (G D, 1 (655 6P,

where AV DY is given by (T.6) and by = (1,1,2,3,...,r — 1)1, ,.

(6) For 1 <j<r,

Z q%nTAVDVn—&-nTbj _ (¢, q2r—j—%’ q2r—§; q2r—%)oo
RO (737) MERER () M (e (02,07 %P
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where A D" is given by (L.6]) and b; = (0,...,0,1,2,...,7 — j)1.

1xr:

Based on these three families of generalized Nahm sums, we introduce the fol-

lowing two vector-valued functions G4,_o(7) and H y,_4(7):

G4T’—2(T) = <91<T)7 92(7—)’ s 7927’—1(7—)’ g¥<7)7 95(7)7 s agg/r—l(T))T

and
H47”*4<T) = (hl (T)> hQ(T)v SRR hQT*Q(T% h\l/(T)7 h\Q/(T)’ s 7h\2/r—2(7—))T7

where

o (7_) _ q(“T;;]j;)Q <q2j;1 (q8r74j’ q8r+4j74’ q16r74; q16r74)oo
(0, ¢% 4% %)
+(_q2j71’ q4r72j7 _q4r71; _q4r1)oo>
(%, % 0% ¢*)o ’
2 5 o 2r—j 2r+j—1 4r—1. 4r—1
g;/(27_):1q2]2£1# ((q 7q 5 74q - 7q )oo
2 (4,6 ¢* ¢*) oo

oy (C0P 7 (g =gl =g )
) (=4, =% ¢% ¢*) ’

jari? [ ajae (q4(2r717j)7 oIS 112, g16r-12)
hj (7—) =q %221 q 4 I
(4, ¢% ¢* q")oo

_|_ )
(4% 4% 4" 4"
1 2 ir 2r—j—1 2r+j-2 _4r—3. 4r—3 ~
h;/(27_):7q% ((q 7q 5 47Q4 aq )
2 (¢, 4% 9% 4"

((_q)Q'r—j—l’ (_q)Zr-i-j—z7 _q4r—3; _q4r—3)oo> |
(_Q7 _q37 q47 q4)oo

(qz(w—j—l)7 ¥l g3, _q4r—3>oo>
J

_|_

We then establish the following results.

Theorem 1.6. For r > 2, Gy,._o(T) is a vector-valued automorphic form of some

12

multiplier for the group generated by (o 1) and (i (1)) In particular, for odd integer
r >3, Gy—2(T) is a vector-valued modular function of some multiplier with respect

to the congruence subgroup T'o(2).

Theorem 1.7. Forr > 2, Hy, 4(7) is a vector-valued automorphic form of some

multiplier for the group generated by (é ?) and (é (1))

Several remarks are in order.
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Remark 1.8. (1) In order to prove Theorem and Theorem we establish
modular transformation formulas on “Langlands dual” pair g,,_,(T) and g3 _,(7),
and hy,_»(7) and hy, () (see TheOTem and Theorem , where

Gor1(7) = (91(7), 02(7), -, g2ra (T)' g3 (7) = (97 (7). 95 (7). -, 93,1 (7)),

and

har—a(7) = (ha(7), ha(7), - hora(7))", by o(7) = (B (7), h3 (7). by o(7))"

Notice that the case r = 3 of Theorem/[5.5 was conjectured by Mizuno [15, Eq. (54)]),
and subsequently confirmed by B. Wang—L. Wang [27].

(2) It follows from Theorem[1.5 (1) and (2) that

gi(1) = fA,bo,co,d(T>7

and, forr <j <2r —1, we have

gj(T) = fAbeT—j7C2r—jyd(T>7
where (A, bj,c;) is the triple of index d = (2,...,2,1) given in Theorem [1.1]
Moreover, by Theorem[1.5 (5) and (6), we have

1/~ 1 1
g;/r—l(QT) = 5 (fAV,2b0726072dv (T) + (_1)T 1fAV,260,200,2dV (T + 2)) y
and, for 2 < j < 2r —2 and j is even, we have

I iG=1) ~ 1
gjv(ZT) - 9 (fAV,?b ,2¢ j,2dY (1) +(=1)"z2 favop .2 ;2dY (7' + 2)) ,
r T r—5

2 J Jo
-2 T3 -2

where (AY, by, ¢;) is the triple of index d’ = (1,...,1,2) given in Theorem .
(3) By Theorem|[1.5 (3) and (4), we obtain
h (T) = fVB,bo,Co,d(T)7

and forr —1 <75 <2r —2,

hj(T) = fB7b2r—j—1762r—j—17d<7-)7
where (B, bj,c;) is the triple of index d = (2,...,2,1) given in Theorem .
When r > 3 and j = 2, we find that go(7) can be expressed as the sum of two

Nahm sums for the symmetrizable matrix A of index d = (2,...,2,1), as shown in

the following proposition.

Proposition 1.9. We have

92(7) = Faveircrina(m) + o5 (7),

r+1,Cr41 ’d



10 J.Q.D. DU, K.Q. JI, E.Y.Y. SHEN, AND C.X.Y. XU

where A is the symmetrizable matriz with the symmetrizer D = diag(2,...,2,1),x,

given in Theorem|1.1

37 — 4r
Cr Y= —
3928
T ~ (4T — 7)2

br-l—l = (1a2747"'a2(r_2)77n)1><7"’ Cr+1 = m

b 1=(0,...,0,D)

This relation is implied by the following identity.

Theorem 1.10. Forr > 3,

lnTADn—I—nTbH_l + q%nTADn+nT3T+1+T;3

q2
2.

yrene (@5 @ )ni (6%56%)ns -+ (0% @) (G D,

n=(n1

8r+4 8r—8 _16r—4. 16r—4
_ e T e e

(4,63, 4% ¢%)

3 4r—4 4r—1. 4r—1
» 4 , —q ;=4 )

(., ¢%, 4% ¢%)

(1.17)

where AD is given by (L4), b,y = (0,...,0, 1) and b,y = (1,2,4,...,2(r —

2), ) r-

Notice that the case r = 3 of Theorem has been given by B. Wang-L.
Wang 27, Eq. (1.13)].

To express h} (27) as a combination of generalized Nahm sums of index (1,...,1,2),
we employ the notion of partial Nahm sums introduced in [31]. For the Nahm sum

associated with symmetrizable matrix A:

InT ADn+nTb+c

faveald) = 3 =

netna, T (4734 )n (4%3¢% ),

its partial Nahm sum is defined as

InT ADn+nTb+c

~ .
Japedo(q) ==
ca(®) n:wl;mew (g% q% ), - - (g% ¢ )y,

nr=c (mod 2)

Y

where 0 = 0, 1.

It turns out that hy(27) can be expressed as a combination of the generalized
Nahm sums va’bj,cj7dv(q) of index d” = (1,...,1,2), where (B, b;, ¢;) are given
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o O O =
NN O

BY =

[\

bo=(1,1,2,3,...,r —

=~ ks NN O

=~ oo

S = N O

and for 1 < j <,

1)

T
1D

S = N O

'707172a"'77ﬂ_j_17r_j_1)1><r’ G =

11
0o
2 1
4 2
6 3
, (1.18)
2(r—3) 2(r—3) r—3
2(r—=3) 2(r—2) r—2
2r=3) 2(r—2) r—1 .
4r? —1r + 7
= 1.1
16r —12 ' (1.19)
- 4(r—j)*+6j—Tr+3
167 — 12 '
(1.20)

It is straightforward to verify that BY D" as shown in ([1.21)) is a symmetric positive

definite matrix.

BYDY =

o O O =

0
0
1

NN NN O

2

s R o o

4
4
4

DD =N O

6
6
6

D NN O
()BT VN e}
DD =N

2(r _ 3) 2(r _ 3) 2(r - 3)
2(r—3) 2(r—2) 2(r—2)
2(r—3) 2(r—2) 2r—1

TXT

(1.21)

Note that the symmetrizable matrix BY given in (1.18)) is the transpose of the
symmetrizable matrix B in Theorem [1.2]

Proposition 1.11. We have

h3,_5(27) = 2 (fBV,2bg,2CO,2dV,O(7) - fBV,2b0,2c0,2dv,1<7—>

1 _

+fBY 26 200,2d" 0 (T + *) - fBV,QbO,Qco,QdV,l(

2

and for 1 < 7 <2r —3 and j is odd, we have

1

h]V(zT) = B (fBV,QbT_jgl,zcr_jgl,2dv,0(7') - fBV,QbT_#,QCT_#QdV,l(T)

L1
Ty
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- 1 ~ 1
+fBV,2bri%,2cri#,2dV,0 (7' + 5) - fBV,Qbri%,ZcP#,de,l (T + 2)) :
This relation follows directly from the following result:
Theorem 1.12. We have
1 vV DV 1 r— r—3 r—3
NS N U G G Y P
- 1 3 ) .
nenyyrene (@G D (@G Dn, 1 (6%5.6%)n, (42,47, 6% ¢%)
where BY D" is given by (1.21)) and by = (1,1,2,3,...,r — )T,
(2)for 1 <j<r,
1T BYDVn+nTh, i r—j—3 r—3 r—3
> (=g BTl (g g P T2
- 1 I
n=(n1,...;n,)TENT (q; Q)n1 e (q; Q)nr_1(q2; q2)nr (q§’ q%7 q2; q2>oo
(1.23)

where BY DY is given by (L.21)) and b; = (0,...,0,1,2,...,r —j— Lr —j—1)1,..
It remains to address the following problem:

Problem 1.13. (a) Forr > 4 and 3 < j < r —1, can g;(7) be expressed as a
combination of Nahm sums for the symmetrizable matrix A given in Theorem
of index (2,...,2,1)7

(b) Forr > 2 and 1 < j < 2r—3 and j is odd, can gj(27) be expressed as a
combination of Nahm sums for the symmetrizable matriz AV given in Theorem
of index (1,...,1,2)?

(¢) Forr >4 and2 < j <r—2, can h;(7) be expressed as a combination of Nahm
sums for the symmetrizable matriz B given in Theorem of index (2,...,2,1)7

(d) Forr > 3 and 2 < j < 2r —4 and j is even, can hi(27) be ewpressed as
a combination of Nahm sums for the symmetrizable matriz BY given in (1.18)) of
index (1,...,1,2)?

The paper is organized as follows. In Section 2, we review some relevant known
results on the Bailey machinery, and then utilize this machinery to provide proofs
of three families of multi-sum Rogers—Ramanujan type identities (see Theorem
Theorem and Theorem . Section 3 is devoted to proving Theorem , Theo-
rem [[.10]and Theorem [I.12] using the results of Theorems [2.1] 2.2 and [2.3]in Section
2. In Section 4, we show that the generalized Nahm sums specified in Theorems
[1.2] [1.3|are modular functions. Section 5 is devoted to proving Theorem [I.6|and The-
orem by establishing the modular transformation formulas on two “Langlands
dual” pairs.
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2. MULTI-SUM ROGERS—RAMANUJAN TYPE IDENTITIES

In this section, we aim to present the following four families of multi-sum Rogers—
Ramanujan type identities which serve as key ingredients in the proof of Theorem
1.5, Theorem and Theorem [1.12]

Theorem 2.1. Forr > 2,

(a)

NZ+-+N2_,

Z q

Nysesry 150 (GON =N, (G DN, o-N, 1 (G DN, (6 ),

Ar—2 _Ar _8r—2. 8r—2
— (q 7q 7q aq )OO’ (21)
(¢; @)oo

(b) for1<j<r,

Z q

Nisea 150 (G ON-N (G DN o-N 1 (G DN, (656N,

NP+ A N2+ N1+ Njo 142N 442N,

25 ,8r—25—2 _8r—2. 8r—2
_ (g¥.q 2,q 1 q )oo’ (2.2)
(0% @)oo
(c)
gV i+ ()
le..;vﬂzo (G Dwi-N2 (G DN N, (G DN, (G )N,
_ (q4r747 q4r72, q8r76; (]87"76)0O (2 3)
(4 @)oo ’
(d) for1<j<r,
qNE+--~+N3,1+N1+~~+Nj71+2Nj+-~~+2NT_1+(NT;1)
N1>...>XJ:VT_1>0 (@ D8N (G DN, N (G DN (6% 6N,
25 ,8r—25—6 _8r—6. . 8r—6
_ (q aq 27q aq )OO (24)
(4% @)oo
Theorem 2.2. Forr > 2,
(a)
(_1)Nr_1q2(Nf+---+N3,1+N1+---+Nr_1)+N371
N1>>N,_1>0 (q2; q2>N17N2 e (QQ; q2>NT.,27Nr71 (q4; q4)N7»71 <_q3; q2>NT.,1
4r—4 4Ar—3. 4r—3
I OO Y T (2.5)
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(0) for1<j<r,

>

Niseo 50 (@B P)vi-Ne (@ PN o-Ne (@4 4N (=4 )N,

(_ 1>NT_1qz(Nf+---+N371+Nj+---+NT-71)+N371sz,-fl

2j Ar—25—-3 _4r—3. 4r—3

(7% @)oo
Theorem 2.3. Forr > 3,

Nf+N22+N§+---+N371+Nr71(1 + q—l _ qu_1—1)

(a) > !

Ny sNyson, 150 (G ON-No (G DN, N1 (G DN, (5 PN,

dr+2 _Ar—4 _8r—2. 8r—2
,q )oo

_ (@ 4

, (2.7)

(¢ 9) 0

N12+N22+N§+'-~+N371+N1+N2+-~-Nr_2+2Nr—1(1 +q+ qNT71+§>

OIS !

N1>No>-->N,_1>0 (Q; Q>an2 (q; Q)szNg o (QQ Q)Nr_ngr_l (_ql/Q; Q)Nr_1+1 (q2; q2>Nr_1

3 g 1 op_1
(2. )
. (2.8)
(45 @)oo

The proofs of Theorems [2.1] rely on the Bailey machinery. To this end,
we review some necessary background on the Bailey machinery in Subsection [2.1]
We proceed to lay out the derivations of each identity in Theorem 2.1, Theorem
and Thereom [2.3]in Subsection [2.2] Subsection 2.3]and Subsection respectively.

2.1. Preliminaries. We first recall the definition of Bailey pair. A pair of sequences
(an(a;q), Bu(a; q)) is called a Bailey pair relative to a if for all n > 0,

n

Bulasq) = o (6:9) (2.9)

r=0 (¢; Qnr(aq; Q) pir

Note that taking the limit as n — oo yields the following expression, subject to
appropriate convergence conditions:

lim B(a;q) = Dt D gar(a;q)- (2.10)

In practice, the above sum can often be rewritten as an infinite product via an

application of the Jacobi triple product identity |1, Theorem 2.8],

oo
2

(0% 20,0/ %) = Y. (=1)"g™ 2" (2.11)

n=—oo

Once we have a Bailey pair, the following Bailey’s lemma provides a method to

generate a new Bailey pair.
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Lemma 2.4 (Bailey’s Lemma). Suppose that (a,(a;q), Bn(a;q)) is a Bailey pair

relative to a. Then (ol (a;q), Bl (a;q)) is also a Bailey pair relative to a, where

(P1, p2; @)n(ag/p1p2)" (
(aq/p1, aq/p2; q)n
Blaq) =3 (p1. 23 0)rlaa/ prp23 Dnr(a0/ pr02)" g (-

n =

=0 (aq/p1,aq/p2; Q)n(Q; Q)n-r

ol (a;q) = an(a;q),

(2.12)

Upon taking p; — 00, p2 — 00, we obtain

Lemma 2.5. [2, Eq. (S1)] If (an(a;q), Bn(a;q)) is a Bailey pair relative to a, then
(! (a5 q), Bl (a;q)) is also a Bailey pair relative to a, where

n

2 a

an(a;q) = a"q" an(a;q), Bila;q) = (_Tqrﬁr(a; q). (2.13)
= (¢ Qn—r

The following Lemma provides a method for generating a Bailey pair related to
a/q from a Bailey pair relative to a.

Lemma 2.6. [10, Lemma 3.1] If (ay,(a;q), Bu(a;q)) is a Bailey pair relative to a,
then (o, (a/q;q), B (a/q;q)) is a Bailey pair relative to a/q, where

o’ (a/q;q) — (1 _ a) (qnan(CL; Q) . inan_1(a;q)> |

]_ _ aq2n 1 _ ann—Q
Br(a/q;q) = q"Bnla; q).

2.2. Proof of Theorem We begin by recalling the following Bailey pairs from
Group C of Slater’s list |23, p. 469], which are required in the proof of Theorem

In what follows, we set ap(a;q) = 1 and adopt the convention that «,(a;q) =0

(2.14)

for n < 0 unless specified otherwise.

(C1) as(l39) = (1" (¢" +¢7™), azmr1(l;9) =0,

1
Bn(l;q) = ———F——;
L9 (4:9)n(g:¢*)n
(C3) azlgiq) = <—1)nq3n2+n, aont1(q;q) = (—1)”+1q3n2+5n+2’
1

Pulgi @) = (¢ Onl4% )

I

(C4) ama(@iq) = (=1)"¢* "™, asaia(g;q) = (1) g on,

n

q i
(@ Qnld®;: ¢’

Bnlq;q) =
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An—+2

oo 1—
(C4%) (g’ q) = (—1)rgP 0

1— q2 ’ a2n+1(q2; Q) = 07

1
(¢ D)@ @*)n

I

Bulq?;q) =

(C5) an(lig) = (=1)"¢" (¢" +q¢™™), azur1(Liq) =0,

q2
Bn 1;q) = ;
(14) (4;9)n(q; ¢%)n
(C6)  azn(g;q) = (=1)"¢" ", azn(gsq) = (—1)" g™ 2,
l(n2—n)
q2
Bul(q;q) =

(@ (P )

(CT)  am(g;q) = (=1)"¢" "™, annia(g;q) = (=1)" g™+

3(n*+n)

q )
(6 On(@® %0’

Bn(q;q) =

. . n27n]' _ q4n+2
(CT")  ab,(¢%q) = (=1)"q e b, i1(0%59) =0,

(n2—n)

N|=

q
(¢ Dnl@® @)

Bi(q%q) =

Note that (C4*) and (C7*) were first stated by B. Wang—L. Wang [27, p. 13, p. 14],
who derived them by applying base-change method due to Lovejoy [9, Lemma 2.4]
to the Bailey pairs (C4) and (C7), respectively.

We now give a proof of Theorem [2.1] We prove each of the four identities in the
theorem one by one.

(a) Proof of (2.1)). Iterate Lemma [2.5 (with @ = 1) » — 1 times on the Bailey pair
(C1) to get a new Bailey pair (a"=V(1;q), 87~V (1;q)) relative to 1, where

as V(1 q) = (~1)"gU I (g + g7, al N (19) =0,

NZ+-4N2_,

By V(1) = > d

oMz oN 150 (G DN (G DN-Ne (G DN, N (G DN (G PN,y

It follows from (2.10) that

qN12+~--+N7{1

Nysoo 130 (GON-Ng (G DN o-N 1 (G DN, (45PN,
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< + Z g (g +q”)>

1
T (490w
1

oo

— Z (_1)nq(4r71)n2+n

<Q7 q>00 n=—oo

(¢, a" % q" g
(q, 7)oo

8r— 2)

[e.e]

(b) Proof of (2.2)). We consider the following two cases:
Case 1: If j = r, then applying Lemma [2.5] (with a = ¢) r — 1 times to the Bailey
pair (C3), we obtain a new Bailey pair:

r— n r—1)n? r—1)n r—
o (g q) = (—1)ngUr D@ o0l (grq) =
NP4-+N2_ +Ni+-+Nr_1

_ q
BY V(g q) = :
nZle“'ZZerzo (QQ Q)n Ny (C] Q>N1 ' (Qa Q)Nr_z—Nr_l (q; Q)Nr—l <q3; q2)N,«_1

By (2.10), we derive

(_ 1)n+1q(4r71)n2+(6r71)n+2r’

qN2+ +NZ2_ | +Ni+-+Np 1

NIZ..;V”ZO (G O)N-N (G DN —a-Ne (G Dy (@356 N,y

_ ; (i(_l)nq(h—l)n?—l—(%—l)n 4 i(—l)n'Hq(4T_1)"2+(67"—1)n+2r>

(%9 \ 5 ovur
1 o0 )
— (_l)nq(4r71)n +(2r—1)n
(% ¢) n;oo

8r— 2)

em ("% ¢, ¢" g
(4% @)

o0

Case 2: If 1 < j < r, then iterating Lemma (with a = ¢?) r — 1 — j times on
the Bailey pair (C4*) yields a new Bailey pair:

An—+2

(_1)nq(4r—4j—1)n2+(4r—4j—3)ni (r—j— 1)(q2; q) =0,

1—
(r—1-7) 1—¢ Qon+1

ag, - (¢ q) =

quZH-i-n HNZ_ +2Nj 1+ +2Np 1

B¢ q) = >

n>Nj 1 >>Np_1>0 (4 @)n— Ng+1(q q)N Njt1=Nj2 " ()N, 2N,
1

(@ @)w, (@ )N,y

Applying Lemma (with a = ¢*) to the Bailey pair (2.15)), we get a new Bailey

pair relative to ¢:

(2.15)

X

(r—3)

i DI e . i 1 i D)n
ol (q; q) _ (_1>nq(4 4j—1)n2+r—4j—)n  ( J)(q q) ( 1)n+1q(4 4j—1)n2+(4r—4j—1)

y Aon i1

)
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gV b N 2N 2N

B (g; q) = >

n>Nj112>+>Np_1>0 ((] Q)n Njt1 (q Q) Njp1—=Nip2 " (q Q) -1

x ! . (2.16)

(¢ @) n, 1 (6 2w,
Iterate Lemma (with a = ¢) j times on l} to yield

al)(q;q) =

B (g5 q) = > d

NN, 150 (G Dn—n (G DN —n (G AN, —N,

(_1)nq(47‘—1)n2+(4r—2j—1)n7 ozé’;)ﬂ(q q) _ (_1)n+1q(4r—1)n2+(47‘+2j—1)n+2j’

Ni+4N2_  + N1+ +Nj_ 142N+ +2Np 1

1
()N (5PN,

By means of (2.10)), we get

Z q

Nz 5150 (G ODN =N (G D NNy * (G DN 2N, (G DN, -1 (6% 6,

X

N2+ +N2 | +Ni+-+Nj_14+2N;++2N,_1

1 R ' 00 ‘ |
= W (Z(_l)nq(4r1)n2+(4r2jl)n + Z (—1)"+1q(4r1)"2+(4r+2j1)n+2y>
I o0 n=0 =0

o0

4r n2+(4r—2j—1)n
X
CE Q) n—z_:oo

! ( 2] 8r 2j_27q8r_2;q8T_2>oo
(0% @)oo

(¢) Proof of (2.3). Iterating Lemma 2.5 (with a = 1) r — 1 times on the Bailey pair
(C5) yields a new Bailey pair (a"Y(1;q), B7Y(1; q)) relative to 1, where

U n r—3)n?/ n -n T
a8, V(1) = (1) (g + ¢, oY (Lig) =0,

N4 4+NZ_ + (V1)

By V(1) = > "

w250 (G DN (G DN N (G DN N (G DN (6PN,

In view of (2.10)), we get

qN2+ N2 (M)

N> >Np_1>0 ((]; q)N1—N2 ’ (q Q) Np_o—Ny_ 1(q Q) Ny— 1(q q )

( + Z g (g +qn)>

=M

1 o0

— Z (_1)nq(4r73)n2+n
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4r—4  4r—2 _8r—6.  8r—>6
e (¢ % ¢ %" % ¢ %)

(¢:9)

(d) Proof of ({2.4). We consider the following two cases:
Case 1: If j = r, then iterating Lemma [2.5| (with a = ¢)  — 1 times on the Bailey
pair (C6) yields

r— n r—3)n2 r—3)n r— n r—3)n2 r—3)n-+2r
agn U(q;q) _ (_1) q(4 3)n?+(2r—3) : @gn+11)(q; q) _ (_1) +1q(4 3)n2+(6r—3) +27

N2 N2 Ny 4ot Npog (V1)

B (g q) = 3 a

N >N, 150 (G DN (G DN —N (G ON, N, (G DN, (636N,

From ([2.10)), we obtain

N2+ N2 4NN +( 1)

q
Niz:-2Nr—120 <q; Q>N1—N2 T (q; q)N7'72*N7'71(q; Q)NTA (q3; q2)N7-71
1 0 n r— n2 T—o)n s n r— n2 r—3)n "
= (27 <Z(—1) q(4 B)n+(2r—3)n Z(_1> +1q(4 3)n24(6r—3)n+2 )
7% @)oo \5) 2
1 > )
- (1) glar=ay e
(4% @) n;oo

<q6r—6’ q2r’ q8r—6; q8r—6)oo
(4% @)oo

Case 2: If 1 < j < r, then applying Lemma (with a = ¢*) r — 1 — j times to
the Bailey pair (C7*) yields the following Bailey pair:

(r—=1-j) 2 n_(4r—45—3)n24(4r—4j—5)n 1 —g't? (r—j—=1)/ 2
Qon (07 9) = (=1)"q I i1 (€759) =0,
(r=1=3) (2 qNJ'2+1+'.'+N3*1+2Nj“+“'+2NT—1+(NT2_1)
BYT (g% q) = > ; . ;
n>Njp1>->Np_1>0 <Q7 Q)anj_._l (Q7 Q>N]‘+17Nj+2 U (Q7 Q)Nrfngr,l
1
X . (2.17)

(@3 O)n, . (@ P,
Employing Lemma (with a = ¢*) to the Bailey pair ([2.17)), we get

(r j)(q; q) _ (_1)nq(4r—4j—3)n2+(4r—4j—3)n (r—j)(q; q) _ (_1)n+1q(47"—4j—3)n2+(47’—4j—3)n’

“on v Gongd
BT (g; q) = qn+N32+l+"'+N3_1+2Nj+1+"'+2Nr—1+(NT271)
' | Ny oo N 130 (G DNy (G DNy -Nigo (G DN,
% 1 : (2.18)

()N, (@ @®)n,_,
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Iterate Lemma (with a = ¢) j times on (2.18) to generate the following Bailey
pair:

T n r—3)n? r—25—3)n r n r—3)n? r |—3)n ]
ab) (q;q) = (=1)"gU IO ) (g.q) = (—1)H gl I,

qN12+"'+N371+N1+"'+Nj—1+2Nj+"‘+2N7'71+(NT2_1)
B (4 q) = > : : :
n>Ny>>N,_1>0 (Q7 Q)n—Nl (Q7 Q)Nl—Ng T (qa Q)NT,Q—NT,1
1
(@ N, (@ )Ny

Using ([2.10), we deduce

Z qN12+~~-+N3_1+N1+-~~+Nj_1+2N]-+--~+2NT71+(NT;1)

Ni>->N,_1>0 (% q)Nl—NQ (Q; Q)Ng—Ng e (q; q)Nr—Q_Nr_l
1
(@ @)n, - (P )N,

X

X

(q2 7 q)OO n=0 n=0

1 . n (4r—3)n2+(4r—2j—3)n
g <2 (T

_ 1 (i(_1)nq(4r—3)n2+(4r—2j—3)n + i (_1)n—i—lq(4r—3)n2+(4r+2j—3)n+2j>

(g%, g5r=26  g8r=6. g8r=6) _
(7% @)oo
This completes the proof of Theorem [2.1]

2.3. Proof of Theorem We first recall some Bailey pairs from Group G of
Slater’s list [23| p. 469], which are necessary in the proof of Theorem [2.2]

1

(G1) an(lq) = (—1)" @ BE) 1+ "), Bu(lig) = —————
(=¢%; 0)n(a% ¢*)n

61 an(gig) = (1L g g - L
(G17)  anlgiq) = (=1)"q = Pl q) % (@
G2) an(g;q) = (—1)" %(T)q_% _qlngl, W (45 q) = 3 ! ;
(G2) anl(giq) = (—1)"q 1— g EACH) (=2 @)n(q? ¢)n
(G4) an(lig) = (—1)"g2G) (1 4+ ¢2"),  Bu(liq) = (1_1)%5” ;

(—q2;)n(d% ¢*)n

(_1)nq%n27n
(=423 Q)nla% ¢
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nl . q2n+1 12 (_1)nq%n2_n

(G4™) aj(g:q) = (—1) gim T Bl(gq) =

1—gq (4% @)n(g% ¢)n’
3G)(1 = gnt) (—1)ngz™”
G onlg;q) = (— nd ? ) n\4;q) = 3 d .
(68) anlgg) = (=1) 1— gz felg:9) (=425 Q)% ¢*)n

The Bailey pair (G1*) was established by B. Wang-L. Wang [26, Lemma 2.5,
Eq. (2.13)] via using a generalization of a limiting case of Jackson’s basic analogue
of Dougall’s theorem, as originally derived by Slater |23, Eq. (4.2)]. In fact, (G1*)
can also be derived by applying the base-change method due to Lovejoy [10, Lemma
2.4] to the Bailey pair (G1). We note that (G4*) refers to the unlabeled Bailey pair
corresponding to (G4) in [23]. Meanwhile, the Bailey pair that we term (G4™) first
appeared in the work of B. Wang-L. Wang [27, Eq. (2.15)], who obtained it by
applying base-change method due to Lovejoy [10, Lemma 2.4] to the Bailey pair
(G4*). A typo for (Gb) in [23] and |27 has been corrected here.

We are now ready to prove Theorem [2.2] establishing each of its two identities

in turn.
(a) Proof of (2.5). Applying Lemma (with @ = q) r — 1 times to the Bailey
pair (G5), we derive

3

g - )
1
2

al" V(g q) = (1

(_1)N,.,1qN12+--~+N3_1+N1+~~~+NT71+%N3_1

B (g3 q) = >

3 .
n>N1>-->N,._1>0 (q; q)n—N1 (CZ; Q)N1—N2 U (q; q)NT—Q_NT—l (_q2 ) Q)Nr—1 (q2; q2)Nr—1

It follows from (2.10)) that

Mmoo 150 (@) NNy (@3 PN N (0% @7 N, (0 44,y
1 > 2
— (_1)nq(2r—3/2)n +(27"—5/2)n(1 o q2n+1)
(1 —a)(¢* ¢*)so nzz%)
(q’ q4r74’ q47'73; q4r73)oo
(1—9)(q% %)
(b) Proof of (2.6)). There are two cases to be considered.
Case 1: If j = r, then applying Lemma (with @ = 1) 7 — 1 times to the Bailey

pair (G4*), we obtain

(_1)Nr—1q2(N12+---+N371+N1+---+Nr71)+N371

agr—l)(l;q) _ (_1)nq(r—3/4)n2—3n/4(1 + q3n/2)’
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(—1)Nr- qN2+ +NZ  +5NZ -Nea

Br(Lg= >

wo oo, (GO (G DN-ne (G DN, o-ne o (=05 @) N, (6 PN,y

By , we get
>

Ni>>Np_1>0 (% d*)m (PN Ne (G PN, (0 4,

1 <1+ Z (2r 3/2)n? 3n/2(1+q3n>>

T ()

(q2r—3’ q2r7 q47‘—3; q47’—3>oo
(4% 6%)oo

(_1)Nr_1q2(N2+---+N371)+N37172N,.,1

Case 2: If 1 < j < r, then applying Lemma r—1—j (with a = q) to the
Bailey pair (G4**), we obtain

‘ ‘ ‘ 1 — g2n+!

Al (g; q) = (—1)rgUr—Im D H—i=Dn 1 q
—q

(_1)NT_1qu2+1+~+N AN+ N5 N2 =N

)

B (q; q) = >

nZNj+12...ZNT_120 (q’ Q)n N]+1 (q Q) J+1 Niyo """ (Q7 q)Nrfszrfl

« ! | (2.19)

(=¢"? @) N, (% 0%,
Applying Lemma (with a = ¢) to the Bailey pair (2.19), we get

alf (1) = (~1)g0 (g gy,

(_1)NT 1q N2 4+ N2 +Nj 4+ Neo14nt N2 —Npy

By (15q) = >

n>Njy1>->Np_1>0 (Q§ Q)n Nji1 (q Q) Njt1—Niyo " (q Q) _1

X ! . (2.20)

(=4 Q)N (@ ),
Applying Lemma [2.5] (with a = 1) j times to (2.20)), we obtain the Bailey pair:

o) (1) = (—1)"gU =D =TI (1 4 gRI2rEm)

(=1)N- 1qN2+ A+NZ_ | +Nj++Nr_1+3N2_ | =Ny

BI(1;q) = >

n>Ni12-2Np—120 (q; q)"*N1 (q; q)N1*N2 e (q; q)Nr—Q*Nr—l (—C] /2; q)Nr—l (q2; q2>Nr—1 .

Due to (2.10)), we deduce that

by

N1>+->N,_1>0 (q q ) (q q )N’I‘—Q_N’I‘—l(_q;q )Nr—l(q 7q )Nr—l

(_1)Nr71q (N244N2_ | +Nj++Np_1)+N2_| —2N,_1

- 2r77 yn2+(2r—25— ) 1+q(4jf4r+3)n + 1)
- e (e " )

n=1
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Ar—25—-3 _Ar—3. 4r—3
T T ™

(4% ¢%)oo
This finishes the proof of Theorem [2.2]

e1) (¢%,q

2.4. Proof of Theorem Here we require the following Bailey pairs, established
by B. Wang-L. Wang [27, Lemma 2.5 and Lemma 2.8]:

n . 3n2 n —3n
Oéo(l,Q) = 17042n(1,Q) = <_1> q3 (qS + q 3 ),042n+1(1;CI) = 07

O S B (2.21)
Pulliq) = (¢ 0)n (@5 ¢*)n

and

7’L2—n) 1 — q3n+%
1—q2

¢"(1+q+¢""2)

(—=¢*% On(q: )

We now prove each of the identities (2.7) and (2.8)) in Theorem one by one.

(a) Proof of (2.7)). Iterating Lemma [2.5 (with @ = 1) r — 2 times on the Bailey

pair (2.21)) yields

an(g; q) = (—1)"g 1

)

(2.22)
Bnlq; Q) =

7”—2 T—2 n r— n2 n —3n 7”—2
oy P(lig) =1, af, P (Liq) = (=1)"¢“ (¢ + ¢ ), by (Lig) =0,
NZ+NZ+-+N2 | +N,_1 -1 _  N._1-1 (2.23)
r— g ! l+¢q gt
Br AL = Y ( )

Nyt 150 (G D (G ON, N (G DN (6PN,

By , we have
q
>

Ny >No>--Ny_1>0 (Q; Q>N17N2 to (Q; Q)Nr,ngqul (% Q)Nr71 (Q; qz)Nr,l

N12+N22+N§+---+N3,1+NT_1<1 + ¢t =gV

1 - n _(4r—1)n2 n —-3n
- (¢:9) <Z(_1> C](4 b (q3 +q7° )"’1)
) o0 \n=1
_ 1 i (_1)nq(4r—l)n2+3n
(45 @)oo n="ts
221 <q4r+27 q47'74’ q8r72; q8r72)oo

(¢:9)

roof o .8|). Iterating Lemma |2.5 (with a = q) r — 2 times on the Bailey
b) Proof of (2.8).1 ing L 2.5 (with 2 ti he Bail
pair (2.22)) gives
3n+3
015:_2) (q, q) = (—1)nq(r_%)n2+(r_%)n1_q712
1—gq2

Y
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NZ+NZ++N2_ +Not-Np_2+2N;— "1+ q+ ¢V 1+3 2)

B q) = > i

Ny SN 150 (G D3 (G Doy - (G DN, - (=% )N, (6% P,
It follows from (2.10) that

Z 4q

N1>No>->N,_1>0 (q; Q)n—NQ (Q; q)N2-N3 e (% Q)NT_Q_NT—I (_(]1/2; Q)Nr_l—i-l (q2; q2)NT_1

N12+N§+N§+~-+N3_1+N1+N2+~~NT_2+2NT_1(1 Tq+ qNM%)

o0 _ 3n+d
_ ! S (< 1)l D=l Z O
(1+q§)(q2;Q)oo n=0 1_q§
- 3 Y
45 9)00 n=—cc

3 _1 r—1
e (2,62 ¢ 20" %)
(¢ 9)oo
This completes the proof of Theorem [2.3]

3. PrRoOFs oF THEOREMS [1.5] [1.10], [T.12

Armed with identities in Theorems and [2.3], we are ready to prove The-
orems [L.5] and [T.12] Throughout the entire article, we let N; = n;1 + -+ +n,
forl1<i<r—1and N;=0fori>r—1.

3.1. Proof of Theorem [1.5] We prove each of the six identities in the theorem
one by one.

(1) Proof of (1.7)). It relies on (2.1 from Theorem [2.1] and the following multi-
sum Rogers-Ramanujan identity from [26, Eq. (1.16)]:

qz(N2+ “+NZ2_ +Ni++Np_1)

Ni>-->Ny_1>0 (q2; q2)N1—N2 e (q ) )NT_Q_NT—I(q 1 q )Nr—l(_qS; qz)N,«_l

Ar—2 4r—1
(1- Q)(q 1q )oo
Let AD be the symmetric matrix given by ({1.4]). Then we have
1
inTADn

-1
—n1+z< (7—Dn )—l—TTnf—irQ S (207 — Dngnyg) + man,

2<j<k<r—1

r—1

+2> (G — Dnyny)

=2
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n,\ 2 n\2 n?
:n12+n1m+2<(n2+-~-+nr1+) +"'+<nrl+> +T>- (3.2)

2 2 4
Since by = (0,0,---,0,0)T, the multiple summation of (1.7)) simplifies to:
10T ADn+nTby

F.= Z q

nemnmrene (@5 )0y (@56 -+ (0% )2y (€5 O,

qn12+n1nr+2((n2+~~-+%)2+~-+(nH+%)2+’1—"2”)

mrmmmes0 (@50 (@6, (@%@ n, (G D
For o € {0,1}, let

n2

n12+n1nr+2((n2+~-~+nrfl+%r)2+~~+(m71+%)2+f)

E =
nrzaz(;md o (@) (@56, (@56 n_ (G Dn,

TN ey ny>0

2 2 npto)?
n12+n1(2nr+a)+2((n2+--~+nrfl+W) ot (ng g 2opte )7y Brote) )

q
- (3.3
m%},,zo (4% 4*)na (4% 6%)ns =~ (6% 6®)ny 1 (€5 D2nrto (3:3)
It is straightforward that
F =Fy+ F,. (3.4)

We proceed to simplify Iy and Fj respectively. To this end, we invoke Euler’s ¢-
exponential identity [1, Corollary 2.2]:

3

i ¢z

= (¢ On

= (=2 @)oo (3.5)

First, for Fy, we find that

BR= S 1

w0 (@556 ns - (@56 n 1 (4 D2n,
2(N2+NZ+-+N2 ) 0o m124+2n1Ny_q

_ Z q q

Vs 20 (PP NN (@3 PN N (G D)ane D0 (67567
2N,_1+1.

1' Z q —q 7q2)oo
N1>-->Ny_1>0 (QQ; QQ)Nl_NQ s ((]2, QQ)NT—Q_NT—I (q; Q)2Nr—1

n124+2n1n,42((n2++nr—14n:)2+-+(nr—14n-)2+n2)

2(N12+"'+N3—1)(

Z (—¢; ¢%) q2(N12+~~+N371) (36)
- A . (3.6
N> >Np_1>0 (/7 PN R (7Y ) PN Y (V) PN (/s YA

Similarly, for F}, we obtain

2 2 n 2
n12+m(2nr+1)+2((n2+~~-+m71+%) oot (npo g+ 2L +%)

F= ¥

0 (4% 4*)na (0% 6%)ns =~ (4% G%)n, 1 (€5 @2n,41
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n12+n1(2Nr71+1)+2((N1+%)2+~-+(Nr,1+%)2)

= X

2. 2 2. 2 (22 .
n1,N1,....,N—1>0 (q 14 )nl(q g )NI_NZ (q 4 )NT72_NT71(q7q)2Nr—l+1
2(N2+-+N2_ +Ny+-+N,_1) 0 n24ni(2N,_1+1)

—q¢'T 3 q q

Nz 50 @ PN N (PPN N (G Dov, 1,520 (6%56%)m

N12+~~~+N3_1+N1+~--+Nr71)(_ 2Nr71+2.q2)
)

[e.9]

(.5 r31 3 ' q

Ny>>Ny_1>0 (q2; q2)N1—N2 e (q2; q2)N7‘72_N7‘71 (q; Q)QNTA-H

2(NZ+++N2_ +Ni+-+Np_1)

77 (=% 0% q
q) 2

(1- Moo 150 (@) N-ne (P PN (0 0 N (@35 6PN,

(3.7)
Next, substituting (2.1)) with ¢ replaced by ¢ into (3.6)), we have
(=40%) o0, sr-a s 16r—4. 16r—4
Fo= W( d 14 )oo
8r—4 8r 16r—4. ,16r—4
Y Lt Joo (3.8)
(¢: 6%, 4" q¢")oo
Likewise, substituting (3.1]) with ¢ replaced by —¢ into (3.7]), we find
P (=% @)oo (=4, 4" 2, —¢" 1 =" s
1=d 1— 1 4. 2
q (1+a)(g* ¢*) s
_ 4r—2 _ A4r—1. _ A4Ar—1
_ qul ( q,q y —q y —q )oo (39)

(¢ ¢ ¢* ¢*) oo
Finally, adding (3.8)) and (3.9), by (3.4)), we obtain (|L.7)).

(2) Proof of (1.8). It is based on (2.2) from Theorem and the following
multi-sum Rogers-Ramanujan identity from |26, Eq. (1.14)]:

Z q

N1>>N,y_1>0 (q2; qz)Nl—NQ T (q2; qz)Nr_g—Nr_1(q4; q4)NT_1 (_Q; q2)N,~_1

2(Nf++N2_ | +Nj+-+Nr_1)

25 ,4r—2j—-1 ,4r—1. 4r—1
— (q » q 27(]2 yq )OO (310)
(% ¢*) oo
Let AD be the symmetric matrix defined by (1.4, and let b; = (1,0,...,0,2,4,--- ,2(r—
1—3),r—7)T for 1 <j <r. By virtue of (3.2), we deduce that

1
inTADn + nTbj
n 2 2 n?
2 T r
:n1+n1nr+2<(ng+---+nr_1+2) +"‘+<n7~_1—|—> + )

Ny n, Ny
+n1+2<(nj+1+"'+nr—1+2>+"'+(nr—1+2>+
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Hence the multiple summation of ([1.8)) can be simplified to:

LnTADR+nT b;

H = ) ¢

nemn e (5 @)m (@556 -+ (6% 6%)n, (€ @i,

2((n2+-~~+nr_1+"7r)2+~--+(nr_1+’§—r)2+in$>

- ¥

s (@50 (@356, (@ D

0o mininetna+2(n g1 tebne 1+ pebn, 1+ )

xzq

n1=0 (q27 q2)n1

For o € {0,1}, we define H, corresponding to n, = ¢ (mod 2):

2 ((n2+~~-+m71+%)2+--~+(nr71+2"g+")2+ (QMZ_U)2>

N, (0% ny -+ (% @)1 (G D2nto

0o 341 (2n40)+ni+2((nj 1+ Ang 1+ 2EES ) g (ny 20510 ) 4 200t )

=0 (0% ¢*)n,

It is immediate that
H=H,+ H,. (3.11)

Next, we simplify H as follows:

Hy= Y

nan 50 (6%50ns - (0% 41 (€ Dan,

q2((n2+~--+nr)2+-~-+(nr_1+m)2+n%)

00 ni2niny4ni+2((nj41++ne)+o (1 Hne)+ng)
q 1

x> )
n1=0 q-; 9 ni

q2(N12+---+NT2,1+N]'+"-+Nr—1) 00 qn%+2n1Nr—1+n1

Ni>->N,_1>0 (q2; q2>N17N2 T (q2; q2)Nr,27N7~71 (Q; Q)2Nr,1 n1=0 <q2; q2)n1

1' Z q

Noseom 50 (@5 P)N-N, (@5 PN N1 (@ D)2,

q —¢% %)
= >

Nz om 150 (@5 @) NNy (0% @) NN, (64 ) v, (@6 @) Ny

2(N12+---+N371+Nj+---+Nr,1)(_ 2N,p—1+2. 2)
q 1 q

o0

2(N12+~--+N3_1+Nj+--~+Nr71)(

(3.12)

Similarly, the expression for H; is derived as

2 2 2
2<(n2+-~~+nr71+%) oot (o225 ) +%)

H= Y

s 0 (7% ny -+ (0% @)1 (G D2ne 1
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00 m3+n1 2+ 1)+n1+2((njp1 - Ane_1 25 ) g (n, g 20 ) 4 2t )

q
X
2 (% ¢®)n,

n1=0

2( (N4 2) et (No s+ 2 ) N ok Ny 252
173 r—1T35 j r—1T"5 00 qn§+n1(2NT_1+1)+n1

=

Nissm 50 (@G P)N-N (PPN N (G Don, 1,52 (@6
Ny SNy >0 (@ P)Ni-Ns (@5 PN, N, 1 (G5 DN, i1
q"”*gﬂ'*l (—q3' qz)oo Z q2(Nf+---+NE,1+N1+---+Nj71+2Nj+---+2Nr,1)
B (1—4q) Moo 50 (@) N-N, (PPN (6% 6N (€% 4N,
(3.13)
Substituting the identity (3.10)) (for 1 < j <r) with ¢ — —¢q into (3.12]), we obtain
1 - (=2 @)oo (@, —g =21, — g1, i1y
(4% ¢%)oo
B (q2]’ _q4r—23—1’ _q4r—1; _q4r—1)OO (3 14)
N (42, 4% 4% ¢") oo ' '
Likewise, substituting (2.2)) (for 1 < j < r) with ¢ — ¢* into (3.13)), we get
[ (=g q2)oo (¢, 16744 g16r=4, gl6r—ay _
(1= 9)(q% ¢*)s
iy (A 6r—dj—4 1604, 16r—4
_ oeaeldtg L (3.15)

(4,0% ¢" q") oo
Combining (3.11)), (3.14)) and (3.15)), we arrive at the identity (|1.8]).

(3) Proof of (1.9). It depends on (2.3)) from Theorem[2.1]and (2.5)) from Theorem
22

Let BD be the symmetric matrix given by ((1.5)), and by = (0,0,...,0, —%)T.
Similar to (3.2]), we derive that

1
5nTBDn +n'b
4+ nan, 42 ( + +nr>2+ +< +n’”)2+nz +n’2” o
=nj + nin, ng+ -+ n_q + — e F R - - - —.
1T 2 15 115 1 1 5
Hence the multiple summation of ((1.9)) can be written as:
1nTBDn+nTh

I = 3 ¢

e myrene (@5 @)n (6%5.6%)ny - (656 )n, 1 (G D,

2 2
qn%Jrnlnrq?((n2+-~~+nr_1+§m) +eet (o130 +in$)+%n3—%nr

e, om0 (0% )i (0% 4P)ny - (0% @) ne (G D,
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For o € {0,1}, we set

2 2
2 ((n2+~~~+nr_1+%(2nr+a)) +ot (nro14 5 (2nrto)) +%(2nr+0)2)
q

0 (0% 0% ns -+ (@0, (G D2n 40
qn%Jrnl (2nr+a)q% (2nq+0)%— % (2n,+o0)
X
(4% ¢®)n,
It follows that
I =1+ 1. (3.16)

We proceed to simplify [:

qnf+2mnrq2((n2+-~~+nr)2+~~+(nr_1+nr)2+n3)+n$fnr
IO —

w o (@56 (@56 ns (63567 n, 1 (T @)on,
2(N12+N22+"'+N371)+N371_ r—1 o n%+2n1Nr—1

_ Z q q

Nyseor, 150 (@ P)N=N, (PPN N, (G D2,y o (6756,

UN2+4... N2 N2 . —N,_ 2N,p_1+1. 2
Z q( it NE )N 1(—q g o
Ni>>Ny_1>0 (qz; qz)N1—N2 e (q2; qz)Nr72_N7‘71(q; Q)QNTA
qz(N12+"'+Nr2—1)qN3—1_ r—1

= (%) Y

Nz om0 (@) M-y (P PN N 1 (6% 6 N1 (@25 44N,

(3.17)
Similarly, the simplification of I; yields
n§+n1(2n7»+1)+2((n2+~--+m_1+%g—“)2+~-+ (2nrt1)? )+ @nr 1) _ 2np41
= m%}eo (@2 @) n (@5 Py - (0% 6%) o (G @20, 41
2((N1+%)2+‘“+(NT—1+%>2>+(2NT_41+1>2—QNTEIH o ni+ni(2Ny_1+1)

= Z q

N3 5M 50 (G @)Ni—N (P PN N (G Dove 1 520 (@567,

N12+-~~+NE_1+N1+~~-+NT71)+N3_1(_ 2N, _1+2.

1’ 2r—3 Z QQ( q 7q2)oo
N1>>Nyp_1>0 (q2; q2)N1—N2 e (QQ; QQ)NT_Q_NT—I (q; Q)2NT_1+1

2(N12+-~+N3.,1+N1+~~+N,~_1)qN3.,1 (=02 ¢®)oo

2r—3 q
f— q 4 )
Nz S50 (@) N-Ng (@5 PN a-ne1 (0% PN, (@5 ¢ v, (1 — )
(3.18)
Substituting (2.3) with ¢ — ¢* into (3.17), we get
Iy = (=3 %)oo (@8, B4, 16712, ¢16r=12)

(4% ¢®)so
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8r—8 _8r—4 _16r—12.
(¢: %, ¢* q*)
Substituting (2.5) with ¢ — —¢ into (3.18]), we obtain

2r—3 (—qz; q2)oo(_q7 q4rf47 _q4r73; _q4r73)oo
hi=aqr 1.2
(1 =) (1 + ) (g% ¢*)
_3(— 4r—4  _ 4r—3. _ 4r—3
P L B el L) (3.20)
(4% 4% ¢* ¢*)
By combining (3.16]), (3.19) and (3.20]), we establish the identity (|1.9).

(4) Proof of (|1.10)). The argument utilizes (2.4]) from Theorem and (2.6
from Theorem 2.2

Let BD be the symmetric matrix given by (L.5)), and let b; = (1,0,...,0,2,4,...,2(r—
j—1),r —j—1)T. We deduce that

16r—12)

1
§nTBDn +n"b;

2

N, Ny n,
+n1—nr+2(<nj+1+"'+nr_1+2)4-"'—1—(7%_14-)+>-

2
Thus, the multiple sum in ([1.10) takes the form

1

K= ¥ i

ne(mmyrene (@5 @) (€% @)ny -+ (0% 6%)n, 21 (¢ D,

g 7\ 2 n-\? n? n?
=nj +nin, + 2 n2+~~~—|—m_1+? +eoo o+ =) + +

nTBDn—l-nTbj

2 2
2 ((n2+---+nr—1+énr) +eet(neo1+3ns) +in$>+ingfnr
q

50 (0% 4B ny (@ 0)n (€ D,
qn§+n1nr+n1+2((nj+1+---+nr71+%nr)+---+(nr71+%nr)+%nr)

(4% ¢*)n,

X

For o € {0,1}, we set

2 2
2 ((n2+---+m71+§(2nr+0)) +et(nro1 43 @2neto)) +§(2nr+a)2> +1(2n,+0)2—(2n,+0)
q

niye..,ny>0 (QQ; q2)n2 Tt (q2; qz)nr_l (q; Q)2nT+a
qn§+n1(2nr+0)+n1+2((nj+1+--~+nr71+%(2nr+a))+~~-+(nr71+%(2nr+a))+%(2nr+o))
X
(4% ¢*)n,

It is clear that

K = Ko+ K. (3.21)
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Next, we simplify K as follows:

Ko= Y

mmso (@50 (@36 (4 D)2n,

q2((n2+~~+nr)2+~~+(nr_1+nr)2+n,2«)+n3*2nr

qn§+2n1nr+n1+2((nj+1+~~+nr)+-~-+(nr71+nr)+nq«)
X

2. 42
(4% G%)n,
2(NZ+-+N2_ | +Nj+-+Np_1)+N2_ | —2N, 1 0o n2+2n1Np_1+n1

_ 3 q q

Ni>->N,_1>0 (QQ; q2)N17N2 e (C]Q; QQ)NT_ngT_l (Q; Q)ZNr_l n1=0 (q2; q2)n1

qz(Nf+---+N3,1+Nj+---+Nr_1)+N3,172NT_1(_ 2Nr1 42, 2)
Y

3 g

N1>->Np_1>0 (q2; q2>N17N2 T (q2; q2)Nr,27Nr71 (Q; Q>2Nr,1

_ oy ¢ —0*1¢%)x

Nysesm, 150 (@ P)N—N, (@ PN, o-N, - (0% ¢ N, (@ P,y

o)

(N2+4-+N2 | +Nj++N,_1)+N2_ | —2N,_, (

(3.22)

The simplification of K gives

2 2
2((n2+"'+nr71+%)2+"'+(nr71+an_H )2+(2nr:-1) )+(2nr:1) —(2ne+1)

Ki= Y

n1yeenr >0 (@%¢%)ns - (€% @) ne_ (€ D2yt

qn%+n1(2nr+1)+n1+2((nj+1+"'+nr—1+%)+~“+(nr_1+2"§7+1)+%)
X

(4%¢*)n,

2 2 g E
2((N1+§) +et (Nro143) +Nj+---+NT_1+T2J)+NE,17NT_173
4q

- ¥

N1>>N,;_1>0 (QQ; q2>N1—N2 e (QQ; QQ)NT_Q_NT—I (Q; Q)2NT_1+1

00 qn%-i-m (2Nyp—14+1)+m1

N (I

B3)
= (=" )

q2(Nf+---+N3,1+N1+---+Nj71+2Nj+---+2Nr_1+%)+N3717N,n_r%

x )

Ny SN0 (@ P)n-ns (@5 )N o-Ne (G Q2N 41
6r—4;—5
_q ¢ ()
(1—q)

2(NZ+-+N2_|+Ni++N;j_1+2Nj+++2N,_1)+N2_ | —N,_1

X > a

Ni> >Ny 130 (q2; q2)N1—N2 T (q2; q2)Nr—2_Nr—1 (qQ; q2>Nr—l<q6; q4)Nr—1 .

Substituting (2.6 (for 1 < j <r) with ¢ — —q into (3.22)), we obtain

(3.23)

(=% )aela?, —4" %, g =)

(4% ¢%)o

—-q

[e.o]

Ky =
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_ (g%, —q'r2=3 _qhr=3, _ghr=3) 5.2
(¢% 4% q% 4"
Substituting (for 1 < j <) with ¢ — ¢* into (3.22), we derive that
ormiis (— g q2)oo(qY, g 167112, glor=12, g16r-12)
fma EErae
_ qw_;ﬁ (g4, gor—4=12 gior—12, qlar—m)m' 3.25)

(4,4 ¢ ¢")o0
Finally, substituting (3.24)) and (3.25) into (3.21)), we establish the identity ((1.10)).

(5) Proof of ([1.11)). This identity is equivalent to that established by B. Wang-L.
Wang in [26, Corollary 4.3]. We provide an explanation for completeness.
Let AV DY be the symmetric matrix defined by (1.6)), and let by = (1,1,2,3,...,r—

T,,. We have
1
inTAVDVn +n'b,

1
=gt (n2 0 o (e 0?40

+np+ (et ) o+ (e +0y) + 0
It follows that the multiple sum in ([1.11]) becomes

LnT AV DVn4+nThy

q2
(e (G Dy (G Dy = (G Dy, (655 6P,

In2tmane+((nattne) 2+ (np14n0) 2402 )+ (noetng )+ (R 1m0,

-y Z

e >0 (4 D (G Dy (@ D (6% ),

In3+m Ne 1+ (NP4 N2 )01+ N1+t Ny

-y z

mmso (GO (G Dny (G D (6756,

1 1 1
(025 @)s(a2, ¢ ¢ 20 R )
(4 @)oo
Loop—1 2r—1. op-1
(2,077,727 )
- 1 3 9
(47,92,6% ¢*)o

where the second last identity is due to B. Wang-L. Wang [26], Corollary 4.3].

(6) Proof of ([1.12)). This identity is equivalent to the one established by B.
Wang and L. Wang in [26, Corollary 4.2]. For the sake of completeness, we provide

an explanation herein.
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Let AYDY be the symmetric matrix defined by (1.6]), and let b; = (0,...,0,1,2,...
.. We have

1
5fn,TAVDVn +n'b;

1
L+ (2t e ) e e )

+ My + o ng) o+ (e +0,) 0

We consider the multiple summation of (|1.12)),

%nTAVDvn—&—nTbj

2.

ne(mmyrene (& Oy (G Dz - (@ D1 (6556,

$ndtmne+ (ot tne) 24t (R 14n0) 2402 )+ (1 ot )+ (R 1) 0y

-y £

0 (@5 D) (G Dy -+ (G D1 (6% 6,

Ind i Np o1+ (N2 N2 )+ N+t Ny

-y £

50 (G D (G Dy (@ Dy (0256,

(—q%; @)oo (@7, 2972, 422, % 2) o
(4; )0
(@ P P )
1

(42,47, ¢% ¢*)wo

The second last identity is due to B. Wang—L. Wang [26, Corollary 4.2]. This com-
pletes the proof of Theorem [1.5] |

3.2. Proof of Theorem We invoke (2.7) and (2.8)) in Theorem for this

derivation.
Proof. Let
%nTADn+br+1n
F= Y a ,
i 50 (@560 (@360, (G D
and
énTADn—I—thln
F,= g
w0 (@56 )n (50 (G D,
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where 0 = 0, 1. By (3.6),

q
FO = (_q7 q2)oo .
D S 7 PO 1) R 2] NN P Yo

(3.26)

2(N2++N2 | +N,_1)

From (3.7)), we have

et 2(NF++N2_ +N1++Np_2)+4Ny 1

F

_¢® (0% ¢ 3 q
1=a)  ns 55 50 (@G PIv—ne - (@5 @) N, o-N o (@4 )N, (P P,y
(3.27)
Let
1 nTADnJrET_Hn

H= Z (¢%; z

%) n (6% (@G Dy

For o = 0, 1, define

1 nTADnJrgr_Hn

qi
Hy= Y .
w0 (@56 (5P ) (@ O,

nr=c (mod 2)

Then H = Hy + H;.
We have

1 ~
§TLTAD’I’L + br+1n

n,
:nf+n1nr+n1+2((ng+n3+---—|—nr_1—|—2)2

2
+(n3—|—-~~—|—nr1+2)2+~~'(HT1+2)2+(2> )

ny s
+2((neFms+ bt ) (s e )+

N, N,
U Y, B
2)Jr

Ty
+ (o + ) + :

2
It follows that

r—

q 23Ho

—q¢T S nbtnn ) e () )
ng,...,np>0

qQ((n2+~--+nr)+(n3+-~~+nr)+~~~+(nr71+nr)+nr)+2nr 00 qnf+(2nr+1)n1
X

(0% %) ns -+ (@2 @) n,—1 (G D2n, = (%)

B3) r=3 no+-+nr)2+(na+-4n.) 24+ (np_14ns) 2+n2
07 (% Yoo Z 22t (bt 2 (g1 ne) )

[}

ng,...,nr>0

q2((m+~--+nr)+(n3+-~~+n7>)+~~~+(np1+nr)+m)+2m~

(@ @)ns (6% @)ne (G D2n (— G5 @),
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:q%<_q2;q2)OO Z q2((n2+"'+nr)2+(n3+'"+nr)2+"'+(nr—1+nr)2+n%)

n2,...,nr>0
qz((nz-l-"--H"br)+(n3+-"+nr)+~~~+(nr_1+nT)+nT)+2nr
(@502 ns - (6%6%) (€ G)n, (0% ¢*) i,

r—3

= QT<_Q2§ q2>oo

X > q

N Ngmen, 50 (@5 PN N, (@ PNy o (G PN (0N,
(3.28)

X

2(N24+N2+-+N2 ,4+N2 )+2(N1+No++Np_2)+4N,_1

:q’"?"’ Z q2((nz+~--+m+%)2+(n3+~--+nr+%)2+-~-+(m_1+nr+§)2+(nr+§)2)
n,...,nyp>0

q2((n2+---+nr+%)+(n3+---+nr+§)+---+(n,-,1+m+§)+(nr+§))+2(m+%) o0 qn%+(2nr+2)n1

X
(@%6%)ny = (0% @) o1 (6 @) 2n, 11 iz (@56

B =3 2 2((ng+tnpt )2 (na et D)2 4ot (1 e+ 1) 24 (nr+3)?
= 07 (—¢; ¢} Z q(( rt+5)7+( rt+3) (nr rt+5) +(ne+3)%)
n2,...,np>0

q2((n2+---+nr+%)+(n3+---+nr+§)+---+(n,~,1+m+%)+(nr+§))+2(nr+5)

g (4% @)y -+ (0% 6*)n,—s (025 6P, (625 4y
o, q2(N12+---+NT271)+4(N1+---NT_2)+6NT_1+2r72
= (60 NN, 150 (@) N-Ng - (@ )N, -1 (@ )N, (675 0N,y
L q2(N12+---+N371)+2NT,1(q—Q _ q2NT_172)
= (60 NsNgsoen o1 (@ PN N, (@5 @) N N (65 PN, (@ d )N,y
(3.29)
It follows from and that
Fo+ Q%Hl
2(Nf+--~+Nf_1+Nr—1)(1 +q2%— q2Nr71—2)

= (") Y d

N1>-->Ny_1>0 (@ @) n-nz - (@ PN, o-Ne oy (@5 PN, (6% 0N,y

Substituting ¢ = ¢* in (2.7]), we have

8r+4 T 16r—4. 167’74)
00

N
(4. 6%, 0% %)

(g

Fy+q'7 H = (3.30)

In view of (3.27) and (3.28)), we derive
Fi+q7 Hy
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=q 7 (=¢*q")
y Z q2(N2+N2+ +N2_,+N2Z_)+2(N1+Na+-+Np_2)+4N, _ (1 +¢* — q2NH+1)
Ny>Ng>>Ny_1>0 (@ @®)ni-ng - (@ )Ny o- N (G )N, 11 (0% @) N,y

Letting ¢ — ¢* and then ¢ — —¢ in (2.§)), we have

(=% g g T ¢ )
Bt TH=d7 (q 7, 4% ¢Y)oe (3:31)
Therefore, combining (3.30)) and - 3.31)) yields
_ 8r+4 ,8r—8 _16r—4. 16r—4 s (— 3 A4r—4 _ _dr—1 4r—1
PRy 37q4 R SR Gl T B ).
(4.4, 9% 4" (¢, 4% 4" q*)oo
which is exactly ((1.17)). ]

3.3. Proof of Theorem [1.12. We prove the two identities stated in the theorem
case by case.

(1) Proof of (1.22). This follows from (2.5]) in Theorem [2.2]
Let BY DV be the symmetric matrix defined by (1.21)), and by = (1,1,2,3,...,r—
1)T. We deduce that

1
5nTBVDVn +nTb,

—1712—1—71 2 2 }2
=5m 1My + 101+ (ng 4+ +n,) —i—~~—|—nr—|—(n2+~~'—|—n,n)+'~+m+Qnr.

Then

(_1)nr anBVDVn+2nTb0

n=(n1,...n,)T EN" (q2; q2)n1 o (qQ; q2)nr_1(q4; q4)nr

(_l)mqn%+2mnr+2m+2((n2+v--+m)2+---+n%+(n2+~--+nr)+-~-+m)+n$

- ¥

>0 (@%a®)n, - (@5 6)n,_, (@4 ¢,

(_1)NT_1q2(Nf+---+N3,1+N1+---+Nr_1)+N3,1 o0 qn§+2n1NT_1+2n1

= 2

N1>-+->Np_120 (q2 q )Nl (q q ) Nyp_o—N,_ 1(q q ) Nr—1 n,;=0 (q2;q2)n1
B5) (_1)NT_1q2(N2+ +N2 1+N1++Np o 1)+N, 1( q2NT_1+3,q2)OO
- N1>~~;v,~_1>o (4% ¢*)m SR (/b il DA N (/L /) DA

(_1>Nr,1q (NZ4 N2 +Ni+-+Np_1)+N2_,

= (%) D

Ni>->Np_1>0 (% ¢°)n, (PN o-N 1 (=P )N, (65 4N,

(=% o1+ ) (0, "4, 6" 3 ¢" )0

(4% ¢%)o
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B (q’ q4r—4’ q4r—3; q4r—3)oo
(0,0 ¢* ¢*)os

Y

as desired.

(2) Proof of (1.23). This derives from (2.6) in Theorem [2.2]
Let BY DY be the symmetric matrix defined by (1.21)), and let b; = (0,...,0,1,2,...,r—
j—1,7r—j—1)T. We deduce that

1
§nTBvDVn +n'b;

1 1
:gn%—i—nlnr—f—<n2+"'+n7‘)2+"'+n3+(nj+1+"'+n7')+"'+n7‘+§n3_nr'

Then

(_1)nranBVDVn+2nTbj

2.

et myrene (@5 @)n - (6%5.6%)n, 1 (0% ¢*)n,

(_ 1>n7.qnf+2nmr+2((n2+~--+nr)2+~--+n%+(nj+1+~~~+nr)+~~-+nr)+n3—2nr

e (@ @*)ny = (0% @)ne (@5 4Y)n,

(_1)1\@,1q2(N12+~~-+Nr71+N]-+--~+NT71)+N3_1—2NT71 0o m2+2ni1 Ny

- ¥ a

Ni>>Nyo 130 (@% @) nv-n - (@%@ No-no i (@Y 44N, n1=0 (4% ¢%)n,

(_l)Nr,lq2(N12+--~+N3,1+Nj+--~+Nr71)+N3,172NT71 (—g2Ne-1+l g2y

1) Z q
Ny>->Ny_1>0 (q2; q2>N1—N2 U (qz; q2>Nr72_Nr71<q4; q4)Nr71

(_1)NT_1q2(Nf+---+N3,1+Nj+---+Nr_1)+N3,172NT_1

= () Y

Nyseory 150 (@ P)Ni=N, (PPN o-N, o (4 )N, (¢ 4,

(=0 0*)so(a™, 4", 4" 14" %)
(4% ¢%)oc
(g%, g =32 qh=3; gt =3)
N (0, 4% ¢% 4" ’
which is (1.23). This finishes the proof of Theorem [L.12] |

4. PrROOFS oF THEOREMS [1.7], [1.2] AND [1.3]

Armed with Theorem we are now in a position to establish the modularity
of the generalized Nahm sums specified in Theorems and [I.3] Let us first
review some knowledge on modular functions. It turns out that such families of the

generalized Nahm sums are certain modular functions for some congruence subgroup

Ty (N).
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For a positive integer N, the congruence subgroups I'g(/N) and I'; (N) are defined

FO(N):{(Z Z) EF:CEOmodN},

PI(N):{(Z Z) EFO(N):aEdzlmodN},

as

where I is the full modular group given by

r:{(a Z) s a,b,c,d <7, andad—bc:l}.
C

b
Let v = (a d) € I' act on 7 € C by the linear fractional transformation
c

at+b d .
T=— an oo = lim ~7.
Y p— Y Lm oy

Definition 4.1. (|7, Chapter 3|) Let H = {r € C: Im(7) > 0}. A meromorphic
function f:H — C is called a modular function of weight k € N* for T'y(N), if it

satisfies the following two conditions:

(1) for all 4 = (j 2) € TL(N), f(r7) = (er + DM (7);

(2) for~v = (a 2) €T, (ct +d)~*f(y7) has a Fourier expansion of the form
c
(cr+d)~"f(yr) = > aln)g,,

where a(ny) # 0, qu, = e>™T/v and wy 1s the minimal positive integer h such that

(é f{) €7 1Ty (V).

A modular function of weight 0 for I'; (V) is referred to a modular function for
['1(N).

As shown in Theorem we find that the generalized Nahm sums specified in
Theorems [1.1], [1.2] and [I.3] can be expressed as generalized eta-quotients or sums of
generalized eta-quotients. Generalized eta-quotients can be viewed as the quotients
of generalized Dedekind eta-functions.
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For a positive integer § and a residue class g (mod ), the generalized Dedekind
eta-function 75 4(7) is defined by

mom) =23 I a-¢) I (-,

n>0 n>0
n=g (mod §) n=—g (mod §)

2miT

where g =€ and

1
Pot) = () — {1} + ¢
is the second Bernoulli function and {t} is the fractional part of ¢; see, for example,
[191[20].
The following criterion established by Robins [19, Theorem 3| can be used to
determine the modularity of generalized eta-quotients. In particular, the generalized

eta-quotients linked to the generalized Nahm sums outlined in Theorems
and [I.3] also fall into this category.

Lemma 4.2. (|19, Theorem 3]) For the generalized eta-quotient f(7) of the following

form:
fr)y =11 ns (), (4.1)
5N
0<g<é
where

1 . 5

34, if g=0 org,
Tsg € ]

Z,  otherwise,

we assume that f(7) satisfies the following three conditions:

(1) () = 3 rsa =0: - (2) Ord() = EU; 5Po(§ )y = 22
(3) Ordo(f) = 3 T Ps(0)rgy = "2,
5N ng

where mj,n; € Z, n; > 0,7 = 1,2. Let t and Ny be the least positive integers such
that both tmy /ny and Nomsy/ns are even integers. Then f(tT) is a modular function

for Fl(tNoN)

We now prove Theorems 1.1} [I.2] and [L.3| with the aid of Theorem [I.5]and Lemma
42

Proof of Theorem[I.1. Let (A, b;,c;) be the triple of index d = (2,...,2,1) given in
Theorem [1.1] It follows from Theorem (1) and (2) that, for 0 < j <,

fA,bj,c]-,d(T) = fA,bj,ijd(q)
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1/2 3/2
_ M6r—4,4k; (T)Ulér%,o(T) N8r—2,2k; (T)n16T—4,8T—4kj—2(7)7781{72,0(7—)
- 1/2 1/2 1/2 1/2
Maa ()i (7) Mee—2.4r—2k, 1 (T2 (7)1 (T 21,0 ()16 —1,0(7)
where kg =2r —land k; = j for 1 < j <r.

Let

)

_ Mer—4,4k; (T)Tliéf—4,0(7'>
filr) = 1/2
Na,1 (7)Mo (7)

Y

3/2
fz(T) _ 18r—2,2k; (7_)77167"—4787"—41%-—2(7_)77857270@_)

1/2 1/2 1/2 :
7781”72,47“7216]'71(T)n4,2(7—)774,/0 (7_)?747{—1,0<7_>771ér—4,0(7—)

Then fAb].’Cj,d(T) = f1(7) + fa(7). Take N = 161 — 4. Then we have

11 1
w(fi) = 5730 Ordo(f1) = —r + 2
64r? — (64k; + 36)r + 16k? + 16k; + 5
doo — J ] J
Or (fl) 16r — 4 )
and
3 1 1 1
v =555 =0
4r — 4k; —1)? 1
Orde(f2) = ( 16ri4 ) , Ordo(f2) = —7’—I—§.
Let t = 32r — 8 and Ny = 4. Then
t- Orda(f1) = 2(64r% — (64k; + 36)r + 16k7 + 16k; + 5),
t-Orde(fo) = 2(4r — 4k; — 1)
and

NO . Ordo(fl) = No . Ol“do(fg) = 2(—QT + 1)

are even. By Lemmal[4.2] we know that fi((32r—8)7) and f»((32r—8)7) are modular
functions for T'y(128(4r — 1)?). Therefore, the function fap, . a((32r — 8)7) (i.e.,
Favse;.a(¢**®)) is a modular function for Ty (128(4r — 1)2). I

Proof of Theorem[1.3. Let (B, b;,c;) be the triple of index d = (2,. .., 2, 1) specified
in Theorem [1.2] It follows from Theorem (3) and (4) that, for 0 < j < r, we

have

fB,bj,Cj,d(T) = fB,bj,Cj,d<Q)

1/2 3/2
_ Ther—12,4k, (T)Tllf/ir—12,o (1) Tl8r—6,2k; (T)Tllﬁr—12,8r—41%j—6 (7-)7787/*—6,0 (7)
- 1/2 1/2 1/2 1/2 ’
774,1(7')"74,/0 (1) 778r—6,4r—212j—3(7')774,2(7')774,/0 (7')7747{—3,0(7)771ér—12,0(7')

Wherel;:0:2r—2and/~€j:jandlgjgr.
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Let
1/2
Ther—12,4k; (T)nlf/ir—12,0(7')
774,1(7')774,0 (1)
3/2
Tlgr—6,2k; (7')7716r—12,8r—4/}j—6 (7')778r/—6,0 (1)
92(7-) = 1/2

1/2 172 :
778r—6,4r—21%j—3(7)774,2(7)774,/0 (7'>774r—3,0(7')7716/5r—12,0<7')

Then f~B7bj70j7d(7') = g1(7) + ¢2(7). Set N = 161 — 12, we have

11
w(gl) = 5 - 5 = 07 OrdO(gl) =1- r,
6472 — (64k; + 100)7 + 16k2 + 48k; + 39
Orda(g1) = ’ J d
r (gl) 4(47,, _ 3) )
and
31 1 1
w(92):§—§—§—§:0, Ordo(g2) =1 —,
(47 — 4k; — 3)?
Ordu(g2) = .
1doo(92) 4(4r — 3)
Let £ = 32r — 24 and Ny = 2. Then
£+ Ordeo(g1) = 2(64r* — (64k; + 100)r + 16k7 + 48k; + 39),
t- Ordeo(ge) = 2(4r — 4k; — 3)?
and

NO . Ordo(g1> = NO : Ordg(gg) = 2(1 - 7’)

are even. By Lemma [1.2] we have g;((32r — 24)7) and g»((32r — 24)7) are modular
functions for T';(64(4r — 3)?). Hence, fBﬁj’cﬁd((?)Qr —24)7) (i.e., fB7bj7cj7d(q32’"*24)) is
a modular function for T’y (64(4r — 3)?). This completes the proof. ]

Proof of Theorem[1.3. Let (AY,b;,c;) (0 < j < r) be the triple of index d" =
(1,...,1,2) specified in Theorem [1.3] From Theorem (5) and (6), we can see
that, for 0 < 7 <,

1/2
7721”7%,1@ (7—)7727/,_%70 (7—)

vaV,bj,cj,dv (1) = fAV,bj,cj,dV(Q) = 1/2 )
M2, (7')772,0 (7)
wherek:():%andk:j:jforlgjgr.
Take N = 4r — 1. Then we have
5= 4r

w(fAv,bjﬁj’dV (7—>> =0, OrdO(fAV,bj,cj,dv (T)) - 8 '
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= 8r% — 2(8k; + 3)r + 8k;2 + 4k; + 1
Ordoo(fAV,bj,Cj,dv (T)) = ( ’ 16)T —4 ’ ’ :
Let t = 32r — 8 and Ny = 16. Then both

t- Ordoo(fAv,bj,Cj,dv (T)) and NO ' Ord()(fAV,bj,Cj,dv (T>)

are even. It follows from Lemma {4.2| that vav,bﬁcj,dv((BQr — 8)7) (that is,
fAv,bjjcj7dv(q327’_8)) is a modular function for I';(128(4r — 1)?). |

5. MODULARITY FOR VECTOR-VALUED FUNCTIONS

In this section, we will prove Theorem [1.6] and Theorem [I.7] We first recall some
necessary definitions and background in Subsection |5.1, Then based on Theorems
[1.1] and [L.3, we construct four vector-valued functions, divide them into two
“Langlands dual” pairs, and derive modular transformation formulas for each pair.
Using these transformation formulas, we prove Theorem [1.6| and Theorem in
Subsection [5.2] and Subsection [5.3] respectively.

5.1. Preliminary. Let [ be a discrete subgroup of

b
PSLy(R) = {(ad> L a,b,c,d € R, and ad—bc>0}
C

with p: I' — GL,(C) a representation of I". A column vector of meromorphic
functions F(7) = (f1(7), f2(7), ..., fo(7))T on the upper half-plane is called a vector-
valued automorphic form of multiplier p and integral weight k& with respect to I, if
it satisfies for v € I,

F(yr) = p(y)(cT + d)" F (7).
See [21].
Furthermore, suppose I' is a finite index subgroup of I and let F'(7) = (f1(7), fa(7),
oy [o(7)T be a vector-valued automorphic form of multiplier p and integral weight

k for T". If in addition, for all 4y € T and each component function f;(7), there exists
a positive integer IV, ; such that

fi(yr) = (e + d)F S @™/ N

with a, = 0 for n < 0, then F(7) is called a vector-valued modular function of
integral weight k associated with p for IV; see [12].

A vector-valued automorphic form (modular function) of weight 0 associated
with p with respect to I" is referred to a vector-valued automorphic form (modular
function) associated with p for I".
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To prove Theorem and Theorem [I.7] we first recall some properties of Weber’s

modular functions and theta series. The Dedekind eta function is defined as follows:

1/24(

n(7) = ¢ (¢; @)oo

and Weber’s modular functions are defined as

() = ¢ ¥ (=¢"% @)oos T1(T) = a6 @)oos F2(T) = 6% (~¢; @) o

where ¢ = €™ and 7 € H. They have the following properties:
n(=1/7) = V—irn(r), n(r+1)=e""n(7), (5.1)
1
f(=1/7) =§(1), f(=1/7)= ﬁfl(T), fi(=1/7) = V2fa(7), (5.2)

f(r+1)=e ™ (r), f(r+1)=e™2}(r), folr+1)=e""Pf(r). (5.3)

For m € Q¢ and 5 € Q, define the theta series

Bi(7) = 3 " 30) | gun(r) = (1))

keZ keZ
It follows from the Jacobi triple product identity (2.11]) that

-2
L m—j m+j m. 2m

him(T) = ¢ (=", =", """ (5.4)
-2
L m+j m—j m. 2m

gim(7) = @7 (", 4", ¢ ) (5:5)

Moreover, h;.,(7) and g;,,(7) satisfy the following properties:

ot
D

hj,m(T) - h—j,m(T) - h2m+j,m(7—)7 gj,m(T) = g—j,m(7—> - _g2m+j,m(7—>7

(@3
-3

h],m(T) = hzj,4m(7') + h4m—2j,4m(7—)7

Gim(T) = Pojam(T) — Pam—2j.4m(T),

o ov < ¢
Ne) oo
Nt ~~— ~— =

hjm(27) = hajom(T),  gjm(27) = gajom (7).
Lemma 5.1. ([25, Theorem 4.5]) For j € Z and m € iN,
1 (—z'T)% ik
== = m .
g3, ( 7_) \/% Z e? §m<7>

0<k<dm—1
k odd

Lemma 5.2. (|27, Lemma 2.13]) For any integer m and an odd integer 1 < j < m,

T4+1
s (~5)

|—T 1=+ = (+0=2)%0m 1=G-0-(G—=2)%5m T+1
— — e Z <€7TZ 2m + eﬂ'z 2m ) g&m ( 4 s
m

1<0<m—1
¢ odd




44 J.Q.D. DU, K.Q. JI, E.Y.Y. SHEN, AND C.X.Y. XU

where

I, ifm=1 (mod4),

€m

i, fm=3 (mod4),
and 8, is any integer satisfying 40,, = 1 (mod m).
Remark 5.3. Notice that we can choose 041 = 1 and 04p_3 = 3r — 2.

We also need the following lemma.

Lemma 5.4. Let N be an odd integer, m = %, S = (8jk)mxm, where sjj =

\/%cos W Then 25 = E,,,, where E,, is the m x m identity matriz.

Proof. To prove S* = $E,,, let a;;, denote the (j, k)-entry of S?. By matrix multi-

plication,
ajk = Z 85,650,k
=1
2 & (27 — 1)(20 — 1) (2k —1)(20 — 1)
=N ZZ:lcos 5N coS N
1 (& (G+k-—D20-Dr & (G—k)(20—1r
= N (Z; CoS N + ; cos N )
Next we show that
P 2= [, ire=0,

#, if t # 0 and sin 5 # 0.
For ¢t = 0, it is easy to see that C(t) = m. For ¢ with sin & # 0,
1— €2mti7'r/N>

it(20—1)m

C(t)=Re> e ¥ =Re <et”/N
=1

_Re (1 — (—1)tet”/N>

1 — 62ti7r/N

. . tﬂ—
217 sin X

— Re (1 — (—=1)*(cos & — isin %)) _ (_1)t+1.

. . tT('
21 sin N 2

Thus, for 1 < j =k <m,

1 , 1 /1 1
4is = 3 (CRI =D +CO0) = 1 (3+m) = 5.
and for 1 < 5,k < m with j # k, we have 1 < j+k—-1<2m —1 < N and

1<|j—kl<m-—-1<N.So
)itk ()Rt
(( ) +( ) ):0.

1 ‘ , 1
aj,k:N(C(J+k3—1)+C(J—k)):N 5 5
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Therefore, S? = %Em |
5.2. Proof of Theorem [1.6. Recall that

9or1(7) = (91(7),92(7), -, @21 (7)), g5,a(7) = (91 (7), 93 (7)s - g (7))
where g;(7) and g/ (7) are given in (1.13) and (L.14)).

We obtain the following modular transformation formula between g,,_,(7) and
g5._1(7), which is a “Langlands dual” pair similar to that of [15].

Theorem 5.5. Forr > 2,

1 1
92r1< - 27_> =258g5,4(7), g\2/7‘—1< - 27_> = 5G9,1(7),
where S = (k) 2r—1)x(2r—1) and ;5 = \/ 725 cos @j;%ii"’_’“ﬁ””'
Proof. By Lemma [5.4] it suffices to prove
1
gsi(— 52) =25 gha (7). (510

Let
V}(T) _ QW (q87“—4j7 q8r+4j—47 q167"—4; q16r—4)oo
(4,43 4% ¢*) s

Y

. (rsjen? (—g2I=1 =2 g1, gt
V;. (7-) =q B8 SRR )
(@, % ¢* %)

[e.9]
Y

242 259041 (q2r7] 2T‘+j717 q4r71; q4r71)oo

4

U. 27— =gq 16r—4 , 5.11
(27) (4. 6% ¢% ¢") (5:11)
" G- 2j%-2j-2r41 ((—q)gr_j, (—q)27”+j_17 —q4r—1; —q4’”_1)oo
U:2r)=(—1) 2 q 1o 5.12
! ( ) ( ) <_Q7 _q37q4;q4)oo ( )
Then for 1 < j <2r —1,
* 1 *
g9i(1) = Vi(r) + V' (), gj(27)= 5 Wi(2r) + Uj(27)). (5.13)
Let
V2r71(7-) - (‘/1(7-)7 ‘/2(7-)7 7‘/27‘71(7-)) 9
Vi, (1) = (Vi (), V' (1), Ve ()T,
UQT—l(T) - (Ul (T)’ U2<7_)7 y U2r—1(7_))
and
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We have
1
2

Hence, in order to prove ([5.10]), we only need to prove

Gor1(T) = Vora(7) + V5, 1(7), 95,1(27) = 5(U2ra(27) + U35, (27)).

1
Vgr_l ( — 27_> = S UQT_l(T), (514)
and
* 1 *
V27~—1< - 2> =S U2r—1(7)- (5~15)
T

Next we prove (5.14)) and (5.15)), respectively.
Proof of (5.14). In view of (5.5)) and the following identity

(6,83 0% (%)’

we see that

Vi(r) = QW (—q; q2)oo (g4, gir4i—4 g16r—4, g16r—4y
] (0% ¢*) oo
f(27)
_ — . _ 2 ’
0(27)923 14r—1(27)
and
f(27') T
Uj(QT) = MQijlArfl 5 . (516)
Then
1 f(—2) 1
V| —— | = 27 Car (_ ) '
]< 47) (= L) %-tart\Tar

By means of (5.1), (5.2) and Lemma 5.1 we have
1 1 f(27’) Ti(2j—1)k
Vil — — 2(ar—1) }, 2
J( 47') V8r —2n(27) ngz ¢ 5’4“1( 7)

<16r->5
k odd

1 §(2r) K= me-nek
= a-n 27).
/87’ —9 n<27_) kz::o € k+%747’—1( T)
In view of (5.6)), we deduce that

i

1 f(27-) dr—2 mi(25—1)(2k—+1) mi(25—1)(—2k—1)

= 2(4r—1) h 2 2(4r—1) h 2 )
V8r —2n(27) kz::o (6 k+§,4r—1( T)+e k+%,4’r—1( T)
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2 f2r) %= w2 -1)(2k+1)
hy 1 2
4r — 1n(27) kz:% €08 2(4r — 1) k+§,4r71( 7)
f2r) =2 w25 — 1)(2k+ 1)
h 2t) —h 2
4r — 177(27-> = 2(47“ _ 1) ( k+%,4r—1( T) 4r—k—%,4’r‘—1( 7—))7

which, together with (5.9)), yields that

(-4

7(2) = D2k + 1)

2 f(2r) 3=
4r — 1n(27) kz::o o8

From (|5.8)), we have
1 2 f(27') 2r—2
Vil —— | =
]< 47’) 4r — 1n(27) kZ:: o8

2(4r — 1)

m(2j — D2k + 1)

T
<h4k+2716r—4 <2> - hlGr—4k—6,16T—4 (

-
92k+1,4r—1 (2)

2(4r — 1)

(25 — 1)(2k — 1) §(27)

0
2 2r—1
g e

5)
77(27_) 92k—1,4r—1 9 .

2(4r — 1)
Hence,
1 -l (25 — 1)(2k = 1) f(1) T
V. = | = —14r—1\ o
( 27) s aw e gt (i)
Z —DER= Vi ) by GI9)
4r—1 (47’ —1) —7
which gives ((5.14]).
Proof of (5.15). Since
I (i
(%% a5 ") (%)
we have
1 141?10 (— g% g2 oo (¢, gV, gL g

32r—8

V.*(Tﬁ-f)zel -8 ¢

(4r—4 +1)
il T b (27

ri Aty (2r)

So

n(2T —

rilir=it0)? fo(27 — 1) (27—1)
= e r— . 7 r—4i r— .
1) glar—45+1],4r—1 A

(% %) oo

77(27_))94r—4j+1,4r—1(%>, itl1 <j<nr,

7,(27)941 —dr—1,4r— 1(%), ifr+1<7<2r—1.

47

))



48 J.Q.D. DU, K.Q. JI, E.Y.Y. SHEN, AND C.X.Y. XU

By means of (5.1)) and (j5.3]), we have

. i =4+ fo (27 2r —1
Vi(r) =™ wr=s f()9|4r—4j+1,4r—1< >

’ n(27) 4
For 1 <j<2r—1,let
f2(27) 21 — 1
W;(r) = 0(27) 92j-1,4r—1 <4>, (5.17)
and let Wy, (1) = (Wi(7),..., Wa,—1(7))". Then
V;r—l(T) =P W2r—1(7_)7 (518)

where P = (pji)(2r—1)x(2r—1), and
(4r—4j41)2 . . .
mW’ iflgj§2r_17k:2r—2]—|—101“2]—27“,
Pjk =
0, otherwise.

It follows from ([5.17)) that
1Y _ fa(=1/7) ( T+1>
Wil——)="——0g2-14r-1| — :
I ( 27) n(—1/7) J2j-14r-1 4T
Applying Lemma and using (5.1 and (5.2)), we have
1
W [——
J( 27)

7 fl (7‘) ( m272j7e7(2j+573)2r m.z2j+e(2j53)2r) (7’ + 1)
= e 8r—2 +e 8r—2 ge4r—1
2(4r — 1) n(7) 1§€§r—2 4
¢ odd

- 2r—1 . . 2 . . 2
7 T 242034 (2j4+20—4)2r 25— 20—14(2j—20-2)2r T4+1
=4/ h(r) (e’” PR | i S ) 920-1 47«—1(
2(4r — 1) = n(T) 4

(5.19)
By (b.16)), we obtain
f(r+1) (7‘ + 1)
U 1) = ———SGoi14r_
J(T+ ) 77(7_+1>92j 1,4r—1 1
_xmi f1(7T T+1
- ’;]((T)) g v (T ) oy B and G3)) (5.20)
It follows from (5.19) and ([5.20)) that
1 1 ; 2r—1 _m.2j+2£—3+(2j+22—4)2r _ﬁzj—ze—1+(2j—22—2)2r

es > <6 g2 +e ™ 8r=2 > U(T + 1),

which leads to

1
W2r—1< — 27_> =X Ugr_l(T + ].), (521)

)
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where X = (2;¢)(2r-1)x(2r—1), and
1

"

In view of and , we have

iG=1) _ 22-2j—2r41

Ui(2r) = (=1)77 e tor1  "U;(27 +1).

3mi . 2j420—3+(2j+2¢—4)r L 2j—20—14(2j—20-2)r
eT(e ™ 8r—2 +e ™ Sr—2

Then
5 1(T) = A Ugp 1 (1 + 1), (5.22)
where A = () @2r—1)x(2r—1) and
0, it j £ k,

Ajk = >j(j71) _2i%-2j—2r41
2

(-1 e~ T M if = k.

Combining (5.18)), (5.21]) and (5.22)) yields
* 1 - *
Vi (= 52) = PXAT UL (). (5.23)

T

Next we show that PXA™! = S. By the definitions of P, X and A, for 1 < j < r,
the (j, k)-entry of PXA™! is equal to

1 k(k—1) 7ri(4r—4j+1)2+m+wi(2k2—2k—2r+1)
7(_ ) 2 ¢ 32r-8 8 T6r—1
\/8r — 2
Ar—4j42k—1+4r(2r—2j+k—1)2 Ar—45—2k+1+4r(2r—2j—k)2
— T —T
[ 8r—2 + [ 8r—2

2 (@ -1)@k—Dr
N 1 2@ -1

and for r +1 < j < 2r — 1, the (j, k)-entry of PXA™! is equal to

1 k(k—1) mi(4r—4j+1)2

+@+wi(2k272k72r+1)
[ (_ 1) e~ 32r-8 ] T6r—4
\/8r — 2
L 4j—dr42k—34+4r(2r—2j—k+2)> 4j—dr—2k—144r(2r—2j+k+1)>
e ™ 8r—2 +e ™ 8r—2

[2 (25 — 1)(2k — )
= oS .
4r — 1 2(4r — 1)
Therefore, PXA™! = S, so (5.15) holds. This completes the proof of Theorem . |

We also derived the following transformation formulas for g,,_,(7) and g3,_, (7).

Theorem 5.6. For any integer r,

9o 1 (T+2)=Tgy._ (1) and g5, _(T+1)=T"g3._,(7) (5.24)
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where T = (tj,k)(2r71)><(2r71)7Tv = (t;f]g)(2r71)><(2r71); and

tir = O’<4r74j+1>2 - FaE % - ) iG=1) 2%-2j-2rt1 . .
e w2 " qfj =k, (=) e Tora T gfj=kFk.
Moreover, if r is odd, then
Gor 1 (T+1) =T gy, _1(7), (5.25)
where T = (ijk)(gr,l)x(gr,l), and
. 0, if j # k,
tik = (4r—4j+1)? .

e 1er-a " if 1 =k.

Proof. By the definitions of g, ,(7) and g5, {(7), it is easy to see that for integer
rand 0 <j <2r—1,
(4r—4j+1)?

g9i(1 +2) = e 5= (1),

iG-1) 252-2j-2r41

<_1) 3 e 16r—4 mg;/(Q';—),

g;/(QT +1)

which implies ([5.24]).
If r is odd, then

(ar—4j+1)2

gi(7T+1) = e =T Tgy(7),
which implies ([5.25]). |
Now we can give a proof of Theorem [1.6]
Proof of Theorem[1.6 Let
O 28 T O ~ (T O
M = = p—
26 eloa) o-fo7)

where S is defined in Theorem , T, TV and T are given in Theorem . From
Theorem [5.5] and Theorem [5.6, we see that for r > 2,

Gy 2(T+2) = Q Gy_o(7),

T 1 1
G (51) =Gvs (i ) M G (2-5)

= MQ_l G4r—2 <_21T> = MQ_lM G47»_2(7').

Let I” be the group generated by v; = (é f) and vy, = (}1 ?), and let the multi-

plicative function p: T" — G'Ly,_o(C) satisfy that p(v1) = Q and p(y2) = MQ™' M.
Hence Gy4._2(7) is a vector-valued automorphic form of multiplier p for I".
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If r is odd, then

Guo(t+1) =Q Guy_o(1), (5.26)
T 1 1
G47"—2 (2 I 1> G4r—2 <__2<1 T 217_)> =M G47"—2 ( 7 - 1)
— MO Gys (-) — MO'M Guys(r).  (5.27)

Notice that

R AR A D S B
= a]’l =
=g =1

are all generators of I'g(2). Let the multiplicative function p: I'g(2) — GLy,—2(C)

satisfy that p(31) = Q and p(52) = MQ M. It follows from (5.26) and (5.27) that
for any v € I'g(2),

Gi—2(77) = p(7)Gar—2(7).

Since for any 1 < j < 2r—1, g;(7) and g/ (7) can be expressed as sums of generalized
eta-quotients, by [5, Lemma 2.6], for any v € I, there exists positive integers NN, ;
and NY; such that

gi(v7) =D an g N
and

9/ (v7) = ay g™,

where a,; = 0 and ax’j = 0 for n < 0. Therefore, Gy, _o(7) is a vector-valued
modular function associated with p for I'g(2). |

5.3. Proof of Theorem [1.7] For r > 2 and 1 < j < 2r — 2, recall that
h(T) _ q(4]§;fi;i)2 <q4j_iT_l (q4(2r—1—j)7 q8r+4j—8’ qlﬁ’l”—l?; qur_lQ)oo
’ (¢, 4% 4% q*)oo
(q2(2r—j—1)’ ¥ g3, _q4r—3>oo>
(%4 ¢* 4" ’
BY(2r) = Lq <(q2’"‘j Y SRS BT S
’ 2 (¢, 4% 4% ¢") o

((_q)Qr—j—l’ (_q)zr-i-j—z7 _q4r—3; _q4r—3)oo> |

+

+

(_Q7 _q37 q47 q4)oo
Let

hora(7) = (hi(7), ... hara(7))", by (1) = (B (7). hy, o(7))"
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We derive the following transformation formula on the “Langlands dual” pair
hor_o(7) and hy. (7).

Theorem 5.7. Forr > 2,

1 ~ 1 ~
har—» <—27) =25 hy,_5(7), hy s <—27> =5 hayo(7), (5.28)

where S = (5),6) (2r—2)x (2r—2), and ;5 = \/Ecos (2j—812(_26k—1)7r'

Proof. Taking N = 4r — 3 in Lemma in order to prove ([5.28]), we only need to

prove

1 -
har—2 <—) = 25 hy, (1), (5.29)
2T
For 1 <7 <2r—2 let
_ B %ﬂ“” (q4(2r—1—j)7 oIS glr=12, 16r-12)
V](T) = q 32r—2 3 ) , (530)
(2,43 4% 4%
~ (45 —4r41)2 qQ(QT—j—l), _q2j—1, _q4r—3; _q4r—3 -
V} (7’) =q 32r-24 ( I ) ’ (531)
(4% % ¢ ¢*) o
~ 2_i_, 2r—j—1 2r4+j—2 4r—3. 4r—3
0.(27) = g5 (q .q 4" % )oo’ (5.32)

(2. 4%, % %)

~ j2—j—rt1 ((_q)2T_j_1’ (_q)27'+j—2’ _q47"—3; _q4'r'—3>oo

Uj(21) =q == (47 )~ (5.33)
Then
hi(T) = Vi(r) + Vi (7), hj(r) = ;(@-(7) + U7 (7). (5.34)
Let
Varoa(r) = (Vi(7), ..., Vara(7))",
Voro(m) = (), Vo)),
Usra(7) = (Ui(7), ..., Usra(7))",
and
Usy—o(r) = (U7(7), -, Us,o(7)"
Then

hor—s(7) = Vara(7) + Vo _o(7),  hy,_y(7) = ;(ﬁzrz(ﬂ + Uy, (7).

Hence, in order to prove ([5.29)), it suffices to prove

VQ’I‘—Q <—21> = ,§ lN]2r—2(T)> (5'35)

T
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and
I-¥ ]_ ~ =k
Vs (_27> =5 Uy (7). (5.36)
Proof of (5.35)). It follows from (5.30)) and ([5.31]) that
> f(27)
V; 1ar—3(27),
](T> 77(27)9% 1,4 3( T)
% f(27) T
U;(27) = n(27) oy Y2j-1,4r-3 (2) : (5.37)
So,
5= g (5
il\——) = 2j—1,4r—3 | — 5= ) -
4T 7’] (-%) 27—

By means of (5.1), (5.2) and Lemma [5.1 we have

" (—L)

1 = @ineEkty
\/87“7—77 Ze 876 h’k+%,4r73<27)

1 f(2r) Tty einesy _@ihEktD
= mn(zT) Z <€ 86 hk+%,4r—3(27—) te 86 hk+§,4r—3(27—)>
k=0

dr—4 2] — 1) (2k + )7 §(27)
hy1 2
4r - Z © 8r —6 n(27) k+5’4’"_3( ™)

3 2] —1)(2k + )7 f(27)
47° - Z 8r—6 n(27)

(hk+%74r—3(27—) - h4r—k—g,4r—3(27'))~

In view of -, the above identity can be rewritten as

(-5)

2 = —1)(2k + 1) §(27 T T
4y — Z ] >( ) f( ) (h4k+2,16r12 () - h16r74k714,16r712 ())

8r—6 n(27) 2 2
=3 (27 — 1)(2k 4+ 1)m §(27) T
dr — Z © Sr—6  p(2r) e (2)
2 2] —1)(2k — )7 §(27) T
4r — Z 8 —6 n(27) J2k-14r-3 (2)

2 2]—1)(2/€

g 3 cos TG ) by D)
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Thus,

Vi <_217') 4r - Z o _812(31{:6_ 00, (5.38)

which implies ({5.35).

Proof of (5.36). By (5.31), it is easy to see that

_ 1 ar—4i-1)2 . (4r—4j—1)2
‘/j* (7— + -] = 6( 327‘124) mq( 32ri24> (q
2

2(2r—j—1) Ar— 3)

N
(%, 6%, ¢* ¢*)o

o0

(4r— 4] 1) i T . .
e BED g ajrars (3), F1<j<r—1,
(

(4r—4j— i fa

R 20 gjoariars (), Hfr<j<2r—2

So,
T Gr—4j-12 _fo (217 — 1) 27 —1
Vi (1) = e 2= (27 — )g\4T74j71|,4r73 ( 1 )
(r—4j-1)? 1)2 2T 21 —1
=e % ifal )9|4r 45—1|,4r—3 () (by (5.1]) and (5.3
n(27)
Let
= f2(27) 27 — 1
W;(r) = (27) 92j—1,4r—3 ( 1 > ) (5.39)

and W, (1) = (Wi(7), ..., War_(7))T. Then
V;T—2(7—) = ﬁ W27—2(7—)7 (540)
where P = (ﬁj,k)(2r72)><(2r72)7

(4r—4j—1)2

e m-m " if 1< <2r—2k=2r—2j,or k=2j—2r+1,

Djk =
0, otherwise.

By means of (5.39), we have

T+1
7 1 92j-14r-3 (— . )

2i(4r — 3) N(T)

2—2j—0—(2j+0—3)2 (3r— 2) 2—2j4+0—(2j—0—3)2(3r— 2) T4+1
Z e 8r—6 _|_e 8r—6 g£74r73 1
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1 fi(7)
2i(4r — 3) 1(7)

2r=2 _2j+2€—3+(2j+22—4)2(3r—2)ﬂ_i _2j—2[—1+(2j—2[—2)2(3r—2)7m. T4+1
> (e 8r=6 te 8r=6 Gat—1ar—3 | —
/=1

1 2r—2

mi  2j420-34(2j+20-4)%(3r=2) . _2j-20-14(2j-2¢-2)%(3r=2) .\ ~
= 78 Z (6 8r—6 ™+ e 8r—6 m) Uj (7- + 1)’
2(4r — 3) =1

where the last identity follows from

Ui(t+1) = mg%—lAr—S (T)

_mi +1
=e 3 fl((T))QQj—lAr—?) <T4> (by and )

mrT
So
__ 1 NN
WQT_Q (—27_> =X U27~_2(T + ].), (541)
where y = (fjj)(gr_g)x(gr_g) and
~ 1 ;i _2j+2273+(2j+2£74)2(37'72)ﬂ_i 2j—20—14(2j—2¢-2)%(3r—2) i
xj,@ = ——¢ 8 <€ 8r—6 _|_ e 8r—6 )
2(4r — 3)

By (5.32)) and (5.33)), we have

~ i2=j

U;(2r +1) = e 55 U7 (2r),

and so
~ 2jor41 .~
Uj(t+1) =e 5= ™U(T).
Thus,
Uy ot +1) =AU, (1), (5.42)

where A = (Xj7k)(2r—2)x(2r—2)7 and

2 .
j2—j—rt1
T : .
~ e 8r—6 , if g =k,

Ajk =

0, otherwise.

Therefore, from ([5.40)), (5.41) and (5.42)), we have

— 1 *
Voo <_27_> = PXAU,, (7).

For 1 < j <r —1, the (4, k)-entry of PXA is equal to
. . 2 . . 2/
1 _%+(4r—4j—1) 7ri+k27k;7r+1ﬂ_i (e_2(2r—2])+2k—3+(28(2r—2])+2k—4) (Br-2)

_— ¢ 32r—24 8r—6 r—6
2(4r — 3)




56 J.Q.D. DU, K.Q. JI, E.Y.Y. SHEN, AND C.X.Y. XU

r—6

+e

[T ei-nek-
V=3 2(4r — 3) ™

and for r < j < 2r — 2, the (j, k)-entry of PXA is equal to

2(2r—25)—2k—1+(2(2r—25)—2k—2)2(3r—2) _.
— 3 T

1 _%i+(4g;4j;i)2m+ kZEk_g.Hm. ( _2(2j—27-+1)+2k73+(28(2jg21-+1)+2k—4)2(31-72) i
E—— r— r— (& r—
2(4r — 3)
2(2j—2r4+1)—2k—1+4(2(2j—2r+1)—2k—2)%(3r—2) .
+@_ 8r—6 7”')
2 27 —1 —
_ oo 2= DEE=1)

4r — 3 2(4r — 3)
so PXA = S. Thus, (5.36) holds. 1
Theorem 5.8. For any r > 2,

hopo(T +4) = Thy, 5(7),  hy, (1 +1) =TV hi,_4(7), (5.43)
where T = ({j,k)(Qr—Q)x(2r—2); TV = <£;<k)(27“—2)><(2r—2);
(j—art1)? 2 —jortl
%v.k e S — ™oif g =k, o 67 81]“—6+17m’ if 1=k,
5= =

’ 0, otherwise, ’ 0, otherwise.

Proof. 1t is obvious that for 1 < j < 2r — 2,
(4j—4r 2 .
hi(tr+4)=e e "hi(T),
2. )
hj (21 +1) = e’ 81]"—6+17mh,}/(27_)-

The the proof is complete. |

Proof of Theorem[1.7. Let

— (0 2§ ~ (T O
i=(5 %) @ (o )

where S is given in Theorem , T and TV are defined in Theorem By Theorem
and Theorem [5.8| we have

H47‘—4(T + 4) - @ H47‘—4(T)7

T 1 —~ 1
Hy y(—— ) =Hy 4| ——— | =M Hy 4 (-4— —
! 4(8T+1> ! 4( —2(4+21T)> ! 4( 27)

= MQ ' Hy (—217_> = MQ™'M H . _4(7).
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Let I be the group generated by v; = ( (1) 41;) and v, = ( é (1)) and the multiplicative
function p: I7 — GLy,_4(C) satisfy that 5(v1) = Q and p(72) = MQ M. Then for
any v € I,

H o 4(y7) = p(y)Hyr—a(7),

which implies that H4._4(7) is a vector-valued automorphic form of the multiplier
p for I". |

Acknowledgment. We thank Shashank Kanade for bringing references [11] and
[13] to our intention. This work was supported by the National Natural Science
Foundation of China and the Hebei Natural Science Foundation (A2024205012).

REFERENCES

[1] G.E. Andrews, The Theory of Partitions, Addison-Wesley Publishing Co., 1976.

[2] D. Bressoud, M.E.H. Ismail and D. Stanton, Change of base in Bailey pairs, Ramanujan J. 4
(2000), 435-453.

[3] Z. Cao, H. Rosengren and L. Wang, On some double Nahm sums of Zagier, J. Combin. Theory
Ser. A 202 (2024), Paper No. 105819, 13 pp.

[4] S. Capparelli, On some representations of twisted affine Lie algebras and combinatorial identi-
ties, J. Algebra, 154 (2) (1993), 335-355.

[5]) W.Y.C. Chen, J.Q.D. Du and J.C.D. Zhao, Finding modular functions for Ramanujan-type
identities, Ann. Comb. 23(3-4) (2019), 613-657.

[6] 1. Cherednik and B. Feigin, Rogers—Ramanujan type identities and Nil-DAHA, Adv. Math. 248
(2013), 1050-1088.

[7] F. Diamond and J. Shurman, A First Course in Modular Forms, Graduate Texts in Mathemat-
ics, 228. Springer-Verlag, New York, 2005.

[8] G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cam-
bridge, 2004.

[9] J. Lovejoy, Bailey pairs and indefinite quardratic forms, J. Math. Anal. Appl. 410 (2014),
1002-1013.

[10] J. Lovejoy, Bailey pairs and indefinite quadratic forms, II. False indefinite theta functions,
Res. Number Theory 8(2) (2022), Paper No. 24, 16 pp.

[11] S. Kanade and M.C. Russell, Staircases to analytic sum-sides for many new integer partition
identities of Rogers—Ramanujan type, Electron. J. Combin. 26(1) (2019), Paper No. 1.6, 33 pp.
Bl BT

[12] M. Knopp and G. Mason, On vector-valued modular forms and their Fourier coeflicients, Acta
Arith. 110(2) (2003), 117-124.

[13] K. Kurgung6z, Andrews—Gordon type series for Capparelli’s and Gollnitz—Gordon identities,
J. Comb. Theory, Ser. A 165 (2019), 117-138.

[14] A. Milas and L. Wang, Modularity of Nahm sums for the tadpole diagram, Int. J. Number
Theory 20(1) (2024), 73-101.

[15] Y. Mizuno, Remarks on Nahm sums for symmetrizable matrices, Ramanujan J. 66(4) (2025),
Paper No. 62, 31 pp. 2} Bl [} O [A5]

[16] W. Nahm, Conformal field theory, dilogarithms, and three-dimensional manifolds, World Sci-
entific Publishing Co., Inc., River Edge, NJ, (1994), 154-165.



58 J.Q.D. DU, K.Q. JI, E.Y.Y. SHEN, AND C.X.Y. XU

[17] W. Nahm, Conformal field theory and the dilogarithm, International Press, Cambridge, MA,
(1995), 662-667.
[18] W. Nahm, Conformal field theory and torsion elements of the Bloch group, in: Frontiers in

Number Theory, Physics and Geometry, II, Springer-Verlag, 2007, pp. 67-132. I} [2]

[19] S. Robins, Generalized Dedekind n-products. In: G.E. Andrews, D.M. Bressoud and L.A.
Parson, (eds.) The Rademacher Legacy to Mathematics (University Park, PA, 1992), Contemp.
Math., 166, pp. 119-128. Amer. Math. Soc., Providence, RI, 1994. [6] [39]

[20] B. Schoeneberg, Elliptic Modular Functions: An Introduction, Die Grundlehren der mathema-
tischen Wissenschaften, Band 203. Springer-Verlag, New York-Heidelberg, 1974. [39]

[21] H. Saber and A. Sebbar, On the existence of vector-valued automorphic forms, Kyushu J.
Math. 71(2) (2017), 271-285.

[22] A.V. Sills, RRtools—a Maple package for aiding the discovery and proof of finite Rogers—
Ramanujan type identities, J. Symb. Comput. 37(4) (2004), 415-448.

[23] L.J. Slater, A new proof of Rogers’ transformations of infinite series, Proc. London Math. Soc.
(2) 53 (1951), 460-475.

[24] M. Vlasenko and S. Zwegers, Nahm’s conjecture: asymptotic computations and counterexam-
ples, Commun. Number Theory Phys. 5(3) (2011), 617-642.

[25] M. Wakimoto, Infinite-Dimensional Lie Algebras, vol. 195, American Mathematical Soc., 2001.
43

[26] B. Wang and L. Wang, Mizuno’s rank three Nahm sums I: identities of index (1,1,2),

arXiv:2402.06253. B, [

[27] B. Wang and L. Wang, Proofs of Mizuno’s conjectures on rank three Nahm sums of index
(1,2,2), Adv. Math. 477 (2025), Paper No. 110368, 73 pp. [
[28] B. Wang and L. Wang, Proofs of Mizuno’s conjectures on generalized rank two Nahm sums,

Trans. Amer. Math. Soc. 379(1) (2026), 459-486.
[29] L. Wang, Identities on Zagier’s rank two examples for Nahm’s conjecture, Res. Math. Sci.

11(3) (2024), Paper No. 49, 34 pp.
[30] L. Wang, Explicit forms and proofs of Zagier’s rank three examples for Nahm’s problem, Adv.

Math. 450 (2024), Paper No. 109743, 46 pp.
[31] L. Wang and W. Zeng, Rogers—Ramanujan type identities for rank two partial Nahm sums,

arXiv:2502.19309.
[32] S.O. Warnaar, The generalized Borwein conjecture. II. Refined g-trinomial coefficients, Dis-

crete Math. 272(2-3) (2003), 215-258.
[33] D. Zagier, The dilogarithm function, in: Frontiers in Number Theory, Physics and Geometry,

I1, Springer-Verlag, 2007, pp. 3-65.



MODULAR NAHM SUMS FOR SYMMETRIZABLE MATRICES 59

(Julia Q.D. Du) SCHOOL OF MATHEMATICAL SCIENCES, HEBEI KEY LABORATORY OF COM-
PUTATIONAL MATHEMATICS AND APPLICATIONS, HEBEI RESEARCH CENTER OF THE BASIC
DISCIPLINE PURE MATHEMATICS, HEBEI NORMAL UNIVERSITY, SHIJIAZHUANG 050024, P.R.
CHINA

Email address: gddu@hebtu.edu.cn

(Kathy Q. Ji) CENTER FOR APPLIED MATHEMATICS AND KL-AAGDM, TIANJIN UNIVER-
siTY, TIANJIN 300072, P.R. CHINA

Email address: kathyji@tju.edu.cn

(Erin Y.Y. Shen) SCHOOL OF MATHEMATICS, HOHAI UNIVERSITY, NANJING 210098, P. R.
CHINA

Email address: shenyy@hhu.edu.cn

(Clara X.Y. Xu) CENTER FOR APPLIED MATHEMATICS AND KL-AAGDM, TIANJIN UNI-
VERSITY, T1ANJIN 300072, P.R. CHINA

Email address: claraxu@tju.edu.cn



	1. Introduction
	2. Multi-sum Rogers–Ramanujan type identities
	2.1. Preliminaries
	2.2. Proof of Theorem 2.1 
	2.3. Proof of Theorem 2.2
	2.4. Proof of Theorem 2.3

	3. Proofs of Theorems 1.5, 1.10, 1.12
	3.1. Proof of Theorem 1.5
	3.2. Proof of Theorem 1.10
	3.3. Proof of Theorem 1.12

	4. Proofs of Theorems 1.1, 1.2 and 1.3
	5. Modularity for vector-valued functions
	5.1. Preliminary
	5.2. Proof of Theorem 1.6
	5.3. Proof of Theorem 1.7

	References
	

